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[bookmark: _sn7btriu1hlr]1) Дифференцируемость функции комплексной переменной. Условия Коши--Римана.
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[bookmark: _1rvk70r4j7vs]2) Свойства аналитических функций. Геометрический смысл производной. 
Аналитическая функция и её свойства
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Геометрический смысл производной
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Немного про конформность (ПРОСТО ПОМНИТЬ)
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[bookmark: _e7tvzmr6ucw6]

[bookmark: _yuwwl6e3duqx]3) Дробно-линейные функции: инвариантность двойного отношения, круговое свойство.
Григорьев - 85, 87-89 + 31 страницы

[bookmark: _52gcoz9x80a]4) Сохранение симметрии. Примеры типовых дробно-линейных отображений.
Григорьев - 90-92
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[bookmark: _5ydzd1d9mcyl]5) Функция Жуковского
Григорьев - 119-123


[bookmark: _2dmfic8oasqi]6) Показательная функция. Тригонометрические и гиперболические функции.
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[bookmark: _2gpalbw0mn3m]7) Выделение однозначных ветвей многозначных функций. Логарифмическая функция.
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[bookmark: _5p1x84td1s8]8) Интегральная теорема Коши и ее обобщения.
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[bookmark: _6vb98f5zkokl]9) Неопределенный интеграл и теорема о первообразной.
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[bookmark: _qui024kjv52y]10) Интегральная формула Коши.
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[bookmark: _gik2suz5eah0]11) Дифференцирование интеграла по параметру. Бесконечная дифференцируемость аналитических функций.
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Дифференцируемость интеграла по параметру
[image: ]
[image: ]
теорема 2.4 - теорема о дифференцируемости (Коши-Римана)
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[bookmark: _otok16owki4l]

[bookmark: _jieptnh0e0yl]Бесконечная дифференцируемость аналитических функций
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[bookmark: _2a7zbnys7x9k]12) Теорема Морера и Лиувилля. Основная теорема высшей алгебры.
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[bookmark: _q65xu6p5ykau]Теорема Морера
[image: ]
[bookmark: _o6kzsk3sx4ux]Теорема Лиувилля
[image: ]Основная теорема высшей алгебры
[image: ]


[bookmark: _p1lq0kqic4am]13) Равномерно и нормально сходящиеся ряды аналитических функций. Теоремы Вейерштрасса.
Равномерная сходимость - страница 164 (Григорьев)
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[bookmark: _dpdx5qferz04]14) Аналитичность суммы степенного ряда. Теорема Тейлора.
[bookmark: _lrswsbgeo5kz]Аналитичность суммы степенного ряда
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[bookmark: _t9vxggvqzg6q]Теорема Тейлора
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[bookmark: _sumbhqd34xrh]15) Теорема единственности и ее следствия.
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[bookmark: _6avegxlgslhj]16) Ряды Лорана. Теорема Лорана.
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[bookmark: _1o9hwwmvysuz]17) Классификация изолированных особых точек. Устранимая особая точка. Полюс.
[image: ]
(причем в самой точке аналитичность теряется)
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[bookmark: _mt5sw1vgnje0]Устранимая особая точка
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[image: ][image: ]Полюс
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[bookmark: _i0500f1je07r]18) Существенно особая точка. Теорема Сохоцкого. Теорема Пикара (без доказательства)
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(причем в самой точке аналитичность теряется)
[image: ]Существенно особая точка
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Теорема Сохоцкого
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Теорема Пикара
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[bookmark: _4kfcb5wsmj7p]19) Теоремы о вычетах и полной сумме вычетов. Вычет относительно полюса.
Теорема о вычетах
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Вычет относительно полюса

[image: ]
[image: ]
[image: ]
Теорема о полной сумме вычетов
[image: ]
[image: ]
[image: ]


[bookmark: _9kt9q6k36qeg]20) Вычисление интегралов с помощью вычетов. Лемма Жордана.
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Лемма Жордана[image: ][image: ]
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Продолжение про способы вычисления
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[bookmark: _g0l7exxpo6t1]21) Логарифмический вычет. Принцип аргумента. Теорема Руше.
Логарифмический вычет
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Принцип аргумента
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Теорема Руше[image: ]
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[bookmark: _24iucgtiolkj]22) Теорема об образе области. Принципы максимума и минимума модуля аналитической функции.
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Принцип максимума модуля
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Принцип минимума модуля
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image158.png
3aMeHNM Bce BXOASAIIME CIOJa KOMILIEKCHBIE BEJMYHHBI UX AJIreOpamdecKuMu
dbopmamy; B yactrocTH, onoxkuM f'(z) = a + ib, € = &1 + ieo. Paznenss B

TIOJIyI€HHOM COOTHOIIEHWH JefCTBUTEIbHbIE U MHUMbIE YaCTH, IMEEM
Au = aAzx — bAy + e1Ax — e2Ay,

Av = bAZ + aAy + e2Ax + €1Ay.

ITockombKy €1 ¥ €3 CyTh GeckOHEYHO MaJsble Ipu Az u Ay, cTpeMsmuxcs K
HYJIIO, 9TH PABEHCTBA MOKA3BIBAIOT:

(a) dyuxuus u(z,y) nuddepenuupyema B Touke (2o, Yo) U €€ IaCTHBIE IPO-
M3BOJIHBIE B STOl TOUKE PABHBI U, = @, U, = —b;

(b) dyukuust v(z,y) muddepenuupyema B Touke (o, Yo) U €€ IaCTHBIE IPO-

U3BOJHBIE B 9TOH TOYKE PaBHBI U, = b, v; =a.




image134.png
JokazarenbcTBO. EIMHCTBEHHOCTH TIpeJICTaBIeHNsT BbITEKAeT U3 CJleIaH-
HOIO paHee 3aMeYaHHs O €JMHCTBEHHOCTH. [[oKaskeM cyIlecTBOBaHUe Ta-
KOTO IPEJICTABJIEHNSI.

DukcnpyeM TPOU3BOJIbHYIO TOUKY 2 KpyTa K. # MOCTPOUM BCIIOMOIaTeb-
HYIO OKPY2KHOCTDL 7, © | — 20| = p TaK, urobnl 7, C K, n z € int 7, (cm
caaiiyy "Teopema Teitnopa"). Ilpejcrasum snavenne f(z) unrerpasom Kormm

110 OKPYZKHOCTU ’}’p :

LS

o) = f 100
i J,, (—z

[Tockonbky I’ 7°I < 1 agia Jnoboit TouKu ¢ € 7, TO HOJABIHTErPAJILHYIO IPOODL

C% MOYKHO 3aMeHUTH OECKOHEeTHOI I‘eOMeTpH‘IeCKOﬁ Hporpeceneﬁ:

1 1 1 1

=z (—20—(2—2) (-2 1-F2

C—20
1 (z = 29)" z— 2
¢— 2 ;(C—Zo z:(C—Zo"Jrl
YMHOKas KpaifHie qacTi 3Tux cooTHomennit Ha f(¢), nmeem

C 20 n+1





image57.png
Psij1 B 1paBoii YacTi 9TOro paBeHCTBa CXOJUTCA PABHOMEPHO Ha OKPYZKHOCTH 7.
DT0 BUJHO, HAIIPUMED, U3 TOTO, UTO OH MayKOPUPYETCsl CXOJISIIelics TUCI0BOIT

porpeccueit
2|z — 2o)"
max | f(¢)] E —
(€7, p
n=0
[TosToMy 3aKOHHO TOWIEHHOE HHTErPHPOBaHe paBeHcTBa (8.8) 110 OKPY/KHOCTH

JQdS Qe
f{p - _Zf{ (¢ — o) 0)"-

n=0""%

g

HO,HQ.TII/IM obe JacTu Ha 27Ti, ocJie 1ero nHrerpaJi B JIeBOIl yacTn IIpeBpaTuTCs

B nnrerpast Ko, jaomuii snadenne f(z). [onaras

f(¢)d¢
o me{(g—(zonﬂ’ n=012 . (8.9)





image80.png
ToJrydaeM
Fz) = enlz = 20)" (8.10)
n=0

Koaddunpentsr ¢, ne 3asucar or z. B jeficrBurenbroctn, narerpadt (8.9) ectb
He 4TO WHOE, KaK MHTerpaJl Thia Ko, nMeonii sHadesne
f(n)( 20)
n!
Wrak, i moboit Toukn z Kpyra K, paerncrso (8.10) jaer mpejcrapienue

f(2) pajsiom 1o crerensM z — zg. DTo JoKa3biBaeT TeopeMy Teisopa.
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O6mum B 0benx hopMyTHPOBKAX SBJSETCS TO, UTO B pacCMaTpUBaeMoil 06-
sacti G BblJleJIeHO OecKOHEeTHOe MOJIMHOKeCTBO F | iMerolliee KOHEYHYO T1pe-
JIEJIBHY IO TOUKY zo. DTa TOUKa He 00si3aHa MPIHA/IEZKATH CAMOMY TOJIMHOZKe-
ctBy E, Ho mospkna npuna/exars obmactu G.

IlepBas dpopmynuposka. Moxer cymecrBoBaTh He 6osee ool QyHKITUN
f(z) € A(G), mpunnMaiommeii 3aaHHble SHAYEHN Ha TOAMHOKeCTBe E.

Bropas dpopmynuposka. Ecin dynkius ¢(z) € A(G) obpalaercs B HYJIb

Ha nojMHOKecTBe E, To ¢(z) = 0 B obmactn G.




image88.png
HokazarenbcTBo. Mbl jloKazkeM TeopeMy eJINHCTBEHHOCTH BO BTOPOii (hop-
MysmpoBke. JlokazaTebeTBO COCTOUT 13 JIBYX dacreii. B mepBoii 4acTi Mbl 10-
KazKkeM, 9T0 DYHKIHs ¢(2) TOXK/IeCTBEHHO paBHa HYJTIO B Kpyre I, : |z—z| <7,
DJie T — paccTostHIe OT TOYKH 2y JI0 TpaHuilel obiactin G.

Bbutesnm 3 nojiMHozKecTBa B 1oc/ie/JoBaTeIbHOCTD 2, CXOJSIIIYIOC K 20,
MpUYeM Tak, 9ToObl HU OJ[HA TOUKa 2j, k > 0, He coBmajaa ¢ 2. [lo Teopeme
Teitsiopa, B kpyre K, anamrndecKas GYHKIH ¢ 2) MOKeT ObITH TIpejicTaBIeHa

PAJIOM TI0 CTelleHsAM zZ — Zp:
O(2) = co+er(z = 20) + ea(z = 2)° + -+ . (8.13)

JlokazkeM 10 WHJYKIHH, 9T0 Bee KO3(MMUIMEHTHI 3TOr0 psijia PaABHbI HYJIIO,
OTKY/Ia 1t OyJieT ciiejioBaThb, 1to ¢(z) = 0 i 2 € K. B cayuae koadduipmenta

Co paccyzK/iaeM TaK:

o= &(z) = lim ¢(z) = 0.

2ZK—20

Wrak, 6a3mc UHIYKIMT HMEeTCs.




image146.png
IIyctn yoke jokazano, 9To paBHbI HYJO KOIMQUIUEHTDI €, €1, . . . , Cp—1. Pas-

sokente (8.13) npuHuMaeT B
6(2) = ez = 20)" + cnpr (2 — 20)" 4o
[Mosnarast 3j1ech z = zj,, HAXOAUM

0=0¢(21) = calzk — 20)" + cng1(zr — 20)" T+ -+




image69.png
Jenst Kpaiifne YacTi Ha HeHyseBoe dncio (2 — 20)", HosIyvIaeM
2
0 = cp+ cat1(2k — 20) + cnt2(z — 20)" + -+

Tlepexojis1 3/1ech K TIpejienty 1IpH 2 — 2p, UMeeM ¢, = 0. Tem canmbiM o6ocHOBaH
WHJIYKTHBHBIIT TT€pexoJ1, 1 TepBast 9acTh JIOKA3aTeIbCTBa 3aKOH YeHA.

Bo Bropoit YacTi MbI MOKazKeM, 9T0 B JIEHCTBUTEILHOCTH ¢(2) paBHA HYIIO
Berojly B (G, a HEe TOJBKO B OKPECTHOCTH TOYKH 2y. Bo3bMeM MPOU3BOJILHYIO
TouKy 2* € G 3apejiesiamu Kpyra K. 1 COeJIMHNM ee ¢ 2 HelPePbIBHOI KPUBOi
L:z=9¢(), a <t <p, gexameit B G. Dra Kpusast u rpanuia obtactn G
CYTh J[Ba 3aMKHYTBIX HEIlePeCeKaroIIXcsl MHOYKeCTBa TOUeK, [0 KpaiiHeil Mepe
OJIHO 13 KOTODBIX (a nMenHo L) orpanmueno. [losromy paccrositne 0 MeK/y
HEIMIH TTOJIOZKUTEJIBHO, I OTKPBITHI KPYT pajiiyca 0 ¢ MeHTPOM B JIEoOOoi ToUKe
kpuBoil L nesimkoM mpuHajekunT G. 9To BepHO, B YacTHOCTH, [ Kpyra Ky :
|z — 2| < 8, 0 KoTOpoM H3BecTHO, UTO H(2) = 0 151 2 € K.

Tocnegyroniue paccyzKJIeHHs OMMCHIBAIOT TIPOIECC MPOJIBIKEHNsT KpyTra Ko
BJIOJIb JIMHUN [ B HampaBJieHHn OT 2y K 2*. Ha KaKJioM I1are Toro mpojiBu-
JKEeHMsT OKa3bIBAETCsI, UTO ¢(2) TOK/IECTBEHHO paBHa HYJIIO H B HOBOM Kpyre. B
KOHEYHOe YHCJIO IMAroB OyjieT JIOCTHIHYTO MOJIOXKeHHe, B KOTOPOM OYepeJIHOM
kpyr K, cojepzkur Touky z*. Tem cambiM ¢(2*) = 0, 4T0, BBHJLY IPOH3BOJIb-

HOCTHU Z*, JOKa3bIBaeT TeOpeMY.




image63.png
OrmitieM J1Ba Iara 9TOro mporecca, u3 1ero OyJieT MOoHATeH MPOTECe B MEeJI0M.
BosbmeM Ha L TOUKY 21, HAXOJAILYIOCST HA PACCTOSHIN 0/2 OT zp, I HOCTPOHM

kpyr Ki : |z — z1| < 0. O6osnauanm depes E) nepecedenne Kpyros Ko u Kj.
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Ipunnmast K7 3a 0CHOBHYIO 00JIaCTh TeOpEMbI €J[IIHCTBEHHOCTH 1 JIBYYTOJIbHIK
E) 3aomuozkecTBo E 9T0i TeopeMbl, 3aKJ0MaeM, 4to n3 ¢(z) = 0 s 2 € Ey
caeyer ¢(z) =0 g z € K.

Ha Bropowm mmare mporiecca Gepercst TOUKa 2o, HAXO/SAMIAsICs Ha KpUBoil L Ha
PAcCTOsIHIN 0/2 OT 2] B HAIPABJIEHHN BO3DACTaHUs MapaMeTpa t, I CTPONTCsI
kpyr Ky @ |z — 23] < 0. Ero nepecedenne Ey ¢ Kpyrom K npnHumaercs 3a
MOJIMHOKECTBO F TeopeMbl eJIMHCTBEHHOCTH, a OCHOBHOI 00JIacTbio 3TOi Teo-
peMbl Teneph sipsistetcst Kpyr Ko. IIpumenenne TeopeMbl IPUBOJUT K BBIBOJLY
¢(z) = 0 g z € Ky. JanbHeiinme marn mporecca MPORCXOJST TAKHM JKe

obpazoM.
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CJIe,I[CTBI/ISI " IMpUJIO2KEeHUd TeopeMbl €IMHCTBEHHOCTU

VestoBuMest 0 ciejtyioleil TepMuHOJIOTHNA. TOYKH, B KOTOPBIX aHAJTUTHYECKAs!
dbynxnus f(z) npunnMaer 3aantoe 3Hadenne A, OyjieM HasbBaTh A-TOUKaMH

sroit dyrkimn. Ecim B A-touke zp npoussojuble GyHKnnn f(z) nopskon




image105.png
Tem cambiM BbimoJiHeHb! yeaoBust Komu—Pumana.
Hocrarounocrs. Ilo ycnosuio, dyukiuu u(z, y) u v(z, y) nuddeperuupy-
eMbl B TouKe (Zg, Yo). [losoxkum ul, = a, v, = b, Torga, B cuny ycnosuit (CR),
!

u, = —b, v; = a. Teneps dakr nuddepennupyemoctr 06enx dOYHKIMH MOXKHO

OIIUCATH COOTHOIIEHUSIME
Au = aAz — bAy + o|Az|,

Av = bAz + aAy + B|Az|,

rue |Az| = v/Az? + Ay? — crangaprTHast GECKOHEUHO MaJjiasi Ha JIeKapTOBOH
IJIOCKOCTHU TIEPEMEHHBIX & U Y, a &, B — 0 npu Az — 0.

YMHOXKIM BTOPOE M3 STHX PABEHCTB Ha § M CIIOKHUM C IIEPBBIM:
Af = Au+iAv = (a+1b)(Az + iAy) + (a + i8)|Az| = AAz +eAz. (2.2)

Smecb A=a-+tbnu
. (a +i8)|Az|
- Az ’

Orciona |e| = |a+if|, T.e. € — (komIuIeKcHasT) GeckoHeqHO Maviast npu Az — 0.
Cornacto TeopeMe 2.3, BO3SMOXKHOCTb LIpeJCTaBIeHNs npupaiennst Af B Buge

(2.2) paBrocunbHa guddepenimpyemocty GyHKIMA f B TOUKE Zg.




image21.png
Caencrsue 1. Ilycrs dynknust f(z) — anainrideckast B obact G i pn
9TOM OTJIHMYHAsI OT KOHCTaHTHI. Torjia, KaKoBo Obl HI OBLIO YHCIO A, BCSIKHi
koMmIakT F' C G MoKeTr coJlepKaTh JIMIIb KOHeUTHOe MHOYKECTBO A-TOoUueK 3Toil
dyukun.

HJoxka3zarenbcTBo. Ecin jionycturs, uto jyist Hekoroporo A kommakTt F
CojlepKUT GecKoHedHoe MHOZKecTBO A-Tovek dynknun f(z), To y sroro (orpa-
HIYEHHOT0) MHOZKECTBa JIOJIKHA HAfTHCH TpeJiesibHast TOUKa zp. 110CKOIbKY
MHOKecTBO F' 3aMKHYTO, 29 € F' 1, ciaenoBarenbio, zy € G. Ilo Teopeme esui-
crBennocTH, GyHknus f(z), coBnajaonas Ha MHOKeCTBe A-TOUeK ¢ KOHCTAH-

Toit A, josKHa OBITH paBHA 9TOi KOHCTaHTe BCiofy B (G, BOIPEKH YCIOBHUIO.
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Caencrsue 2. [Iycrs na (a,b) C R onpeznenena dyuxius ¢(z) BemmecTsen-
HOII IlepeMeHHOl x, U 1ycTh Jyist obiactn G C C clpaBe/yINBO BKJIOUEHHe
(a,b) C G. B takoM citydae cymiectByer He 6Gosiee offHOH (BYHKIHH, aHasi-
Trdeckoifl B G 1 coBmagalouieil ¢ ¢(x) ang & € (a,b). Ecan rakas dynxima
f(z) meiicTBUTEBHO CYIIECTBYET, TO O Heil TOBOPAT Kak 00 aHAIUTHIECKOM

npomoskennu GbyHkinn ¢(z) ¢ uaTepBatia (a, b) B obiracts G. Hanprmep,
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Psamom Jlopana HasbiBaeTcst psijt Bia

o0

Z en(z— 20)". (10.1)

n—=—oo
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Hpe,ﬂCTaBI/IM €ro KaK CyMMY JIBYX PJ10B

0 ] -1
Z en(z—2)" = Z ez —2)" + Z en(z—20)" =
n=—00 n=0 n=-—00

_ch(z_ZO +Z(Z—Z[)

Byem nasbisars o1 pstijipl pag I n psg I1. Tosopsit, aro psy (10.1) exourest
B TOUKE z, €CIH B 3TOil TouKe cxoisaTcs oba psga | m II. BeisicanmM, Kak B
TUIMYHOM CJIydae yCTpoeHa 00J1acTh cXoauMocTn psijia JlopaHa.

Ps 1T — 910 obbramstit crenennoit psa. Kem ero pajnye exonqumoctn Ry = 0,
To pajt I exomrest TostbKo B HyUte, a psij (10.1) He exouTes Hurje. DTOT ey aii
MBI B JlaJIbHEfiIIIeM HIHOPUPYEM.

Ilycts Ry > 0. B kpyre k1 @ |z — 20| < Ry pan I exopturest abeosmoTho 1

HOPMAJILHO K HEKOTOPOIi aHainTideckoil Gynknmn fi(z).




image112.png
P 11 ne siBrgiercst creneHnbinM, HO MPEBPAIIACTCS B CTEEHHOI s/l 3aMeHOit

IepeMeHHoro

C_1

z—z

Ecmu paguyc exopumoctu psna
o0
D et (10.2)
n=1

paget HyJ110, To psajt 11 i psiyt (10.1) He exo/sirest Huryie. TOT CIydail Mbl TakzKe

UTHOPUPYEM.




image75.png
[Tycrb pajmye cxoqumoctn psifia (10.2) ecThb MOTOKATENBHOE THCIO, KOTO-
poe Mb1 obosnauum uepes Ry'. B kpyre ko : [¢| < Ry! pan (10.2) exomures
abCoIOTHO 1 HOpMaJibHO. BosBpalliasch K IIepeMeHHoil 2z, 3aKjiodaeM, 9To B
obmacrn Ko @ |z — zo| > Ro pan Il cxomures abcomoTHO I HOPMAJIBHO K

HEKOTOPOIl aHainTiIeckoil GyHknnn fo(z).




image98.png
Ecm Ry < Ry, To obmactu cxopumoctu psgos | u 11 ne mepecekarorest, n
nexosHblil psiyt JlopaHa He cXoguTest HUTJIE.

Ecmu Ry = Ry = R, To 0011111€ TOUKHI CXOJUMOCTH MOTYT HAXOJIUTHCST TOJIHKO
Ha OKPY’KHOCTH |z — 29| = R, U HajnIne TaKnx TOUeK TpebyeT CIeHaibHoro
HCCIIeIOBAHYISI.

Ilyctn, nakoner, Ry > Rs. B srom cayuae oba pajga I u I exonsresa B kpy-
roBoM Kouibite D 1 Ry < |z — 2| < Ry, u paj (10.1) cxourest B 9TOM KOJIbIie

abCoJIOTHO 1 HOPMAJIbHO K aHasnTHdeckoil ynknnn f(2) = fi(z) + fa2).




image148.png
Bameuanme o emmHCTBeHHOCTH. [lycTh psin (10.1) cxoaurest B Kosblie
D : Ry < |z— 2| < Ry x dynxuun f(z). Iokaxewm, aro Koadpdurments
3TOTO Psijla OJIHOHAMHO OIPEJIEJSTIOTCs ero cyMMoil f(2).

Byjem pacemarpuath psjt (10.1) B ToUKax OKpYZKHOCTH Y : |2 —2g| = p, e
Ry < p < Ry. Ha sroit okpysKHoCTH, Kak Ha KoMmmakTe, psji (10.1) exoanres
paBHOMepHO. PaBHOMepHas CXOJAUMOCTD COXPAHUTCH, €C/I KazK/Abli UIeH psja
YMHOZKUTB Ha (DYHKIINIO, orpaHideHnyio Ha 7. PukcupyeM Hesoe uucio k u B

KadyecTBe TaKoii d)yHKILI/II/I BO3bMeM

1 1
271 (2 — 2o+l




image1.png
HOJ’Iy‘IeHHOQ PaBeHCTBO

1 f(z) ko
2mi (2 — 29) ’”1 B Z C"_(Z )

IIpOUHTETrpupyeM IMO4YJIeHHO 110 7yt

1 f(2)d - o
s W(Z_(ZZ)O;H > e f(z o) lds (103)

I/IHTerpa.n B HpaBOﬁ dacTu OTJIM4eH OT HyJ/Id B €/JIMHCTBEHHOM CJly4dae, Kor/la

n—k—1= -1 1e. n =k, u paBer B 91oM ciydae uuciay 2mi. [losromy

pagercTBo (10.3) nMeeT B JIHCTBUTELHOCTH BUJL

f f(2)dz
" o (2 — 20)F 1"

B sroit bopmysie k Moxer OBITH JIIOOBIM HEIbIM THCIOM. Tem caMbiM Bee KO-

apdUIIEnTDI ¢ 0jIHO3HATHO ompejiestiores dyukiueii f(z).




image5.png
Teopema Jlopana. Qyukius f(z), anasmrudeckas B Kosblle D @ Ry <
|z — 20| < Ri, MoxeT GbITD npejicTaiena psjoM JlopaHa 1o crerensM z — 2o,
MIPUYEM 3TO TPeJICTaBJIeHIe eJINHCTBEHHO.

JHokazarenbcTBO. EIMHCTBEHHOCTH TIpeJICTaBIeHNsT BbITEKAeT U3 CJle/IaH-
HOT'O BhIllle 3aMeYaHusl O eJMHCTBEHHOCTH. J[[oKayKeM cyllecTBOBaHUe Ta-

KOTI'o IIpeJicTaBJIeHud.




image157.png
Eciu dyukuus f(z) muddepenuupyema B Kaxkoi Touke obactu G, a ee
[POU3BO/IHAsI HEIPEPbIBHA B 9TOI 0bsacty, To f(z) HasbIBaeTCsl aHAJUTHYE-

ckoii B G (Csemmnukos — THUX0HOB).




image70.png
DukcupyeM HPOU3BONIBLHYIO TOUKY 2 KOJIblia D 1 IOCTPOUM BCIIOMOIaTe bHOE
KosIbllo D' ¢ TeM Ke TEeHTPOM zg Tak, uro D' C D u z € intD'. Iyers I
| — 20| = Ry u T : |¢ — 20| = Ry — BHeUIHsIA 1 BHYTPEHHSISI TPAHUI[BI KOJIBIIA
ID'. Bauuuewm snadenne f(z) unrerpajiom Ko 1o cocraBHoit rpatuie sToro

KOJIbIla:
f(Qd¢ 1 [ f(¢)d¢

2mi Jy (=2 2miJp, (=2

fz) = (%)

Mbr nosyanm tpeGyembiit psii Jlopana umento u3 dbopmysst (¥), npudem ero

cTelleHHad 9acTb 6yﬂeT HalileHa TOYHO TaK Ke, KaK B TeopeMe Teﬁnopa.

TTockosbky IZ:ZEI < 1 s moGoit Toukn ¢ € I, To mogpIETErpaTbHyIo 1poOh
1

Cj MOZKHO 3aMEHUTH 6eCKOHe‘IHOI7I I‘eOMeTpH‘IeCKOﬁ Hporpeceneﬁ:
1 1 1 1
(-2 (—20—-(2—-2) (—2 1-—

70

o0

1 (z— 2z)" (z— z)"
C—2 Z(C—Zo z:(C—Zo”Jrl
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YMHOKas KpaifHie qacTu 3Tux cooTHomennit Ha f(¢), nmeem
f (( 20)"
-3 (-

P?{,ﬂ B HpaBOﬁ 1acCTu 5TOro paBeHCTBa CXO/IUTCS paBHOMEPHO Ha OKPYZKHOCTU

|, HAIIpUMEp [IOTOMY, YTO OH MayKOPHPYEeTCsl CXOjisiiieiics YncI0Boil Iporpec-

cueit
Z(]In

max |/(C)] Z I( AT
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HOSTOMy 3aKOHHO TIO1JIeHHOe NHTeIr'pupoBaHue paBeHCTBa (**) 110 OKPYZKHOCTHN

I
f(CdC Z?{ _ f(Q)d¢ 2o 2"

(C _ Z[) n+1

Jlenst obe wacTu Ha 270 1 ToJIarast

. 1?{ F(Q)d¢ n=012,.. ., (%% %)

2mi Jry (¢ — zo)™t
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HoJIydaem
f(C )d¢ Z en(z — (% * %)

27m ¢ —

BaifimeMcest Teriepb BTOpbIM HHTerpaiioM B dopmyite (*¥). st Touex ¢ € T
[¢—20l

[z=20]

nmeeM [ = < 1 IIO3TOMY Ipe/cTaBJeHne HO,HbIHTeI‘paJIbHOI/I ,HpO6I/I

( z
0ecKOHeYHOit FeOMeTpI/I‘IeCKOﬁ HpOI‘peCCHeﬁ 6yﬂeT BbIIVIAJIETh UHave, YeM JIJigd

IIepBOI'0 MHTEr'paJia:

L 1 11
C Z_Z 20 (C Z[))_Z 20 1_2:_;(:_
© ) Sy S (2 )
nz:: (2 — 20)"*! Z (z—2z)" nz:; (= 29) (+)

TTosyqennplii psiji CXOAUTCA paBHOMEPHO Ha OKPYZKHOCTH I, TaK KaK MazKOpH-
pyeTcs Ha Heil cxojisinelics THCI0BOIl porpeccueii co 3HamenareseMm (. Pas-
HOMepHast CXOJIMMOCTD DsiJia (+) COXPAHUTCS U [OCIe YMHOKEHHS KazKJIoro ero

qJjieHa Ha d)yHKIH/IIO

27 f(o

orpatuvennyio Ha 'y, IHTerpupys MOWIEHHO DABEHCTBO

1 f(Q) _i 1 f©

2mi( — z < 2mi (¢ — 29) " *! (z=20)™
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110 OKPYZKHOCTU F'2 n I1oJiaragd

e 1) ne12.. (++)

2mi Jry (¢ = z0) "t

nmMmeem

F(Ode Zc,n(z —z) " (+++)

27m I (—=z
SaMensist 00a HHTErpaJia B COOTHOICHIH (*) ux pasiaoKenuamu (FFFF) i (44-+),

noJiytaeM Tpedyembiii psit Jlopana. e




image11.png
[Iycrs D @ 0 < |z — 2| < R — npokoJioTast OKpeCTHOCTL TOUKIL 2 I f(z) €
A(D). B atom citydae ToBopsT, UTO zo siisiercs juist f(z) M30aMpoBaHHON

0c000ii TOYKOIA.




image37.png
Ob6stacTh D MOYKHO paccMaTpUBaTh KakK KPYTOBOE KOJIBIO € TIEHTPOM B TOUKE
2o u BHyTpenunM pajuycoM 0. ITo teopeme Jlopana, f(z) MoxeT GbITH Mpe/i-

crapieta B D PAJIOM ﬂopaHa II0 cTeleHdgM z — 2Zp:

o0

ch(z—z[))n:zcn(z—zo +Z(Z_ZO , zeD.  (104)

n=-—00

Jliist 3TOrO psijia NMEIOTCsT TP BO3MOKHOCTH:

1. Pajx (10.4) me co/iep:KuT WJIEHOB ¢ OTPUIATEBLHBIMI CTEeHIMHI 2 — 2o,
I.e. sIBJIsleTCA CTeleHHbIM DEIOM.

2. Pay (10.4) cojiepKuT KoHEUHOE UHCJIO YICHOB ¢ OTPHIATEIbHBIMI CTelle-
HSIMU 2 — 2.

3. Pa (10.4) costepkut GeCKOHETHOE YHCJIO WIEHOB ¢ OTPUIATELHBIME CTe-
MEeHsIMIE 2 — 2.

B ciyvae 1 2z HaspiBaloT ycTpaHuMoii ocoboit Toukoit dbynkinn f(z). B
ciydae 2 zp — nodtfoc f(z), a B ciiydae 3 — cyIiecTBEHHO ocobasi TOUKA.
Taknum o6pazom, THII 0c00OiI TOUKE OIPeJIeISeTCs COBOKYITHOCTBIO YJIEHOB €
OTpHIATEILHBIMI cTereHsIMn B pasiozkernn (10.4). Dra gacts paja Jlopamna
Ha3bIBAETCST €10 TJIABHOM YacThio. JIeHbl ¢ HeOTPHIATETbHBIME CTEeHsIMI

00pa3yoT MPaBUJIBHYIO YACTb 9TOTO DSJIA.




image40.png
Teopema 6.1. Culejyioniye Tpu BbICKa3blBallsl SKBUBAJCHTHBL (a) zp —
yerpanuMast ocobast Touka dynknun f(z); (b) cyluecTByer KOHeUHBIH e
lim, ., f(2); (¢) dyuknus f(z) orpanutena B HEKOTOPOH OKPECTHOCTH TOUKH

20.




image118.png
JoxkasarenbcrBo. Mbl jiokazkeM Teopemy 6.1, IPOBEPUB ClIPaBEIMBOCTD
ka0l 13 tpex nmiuKaii (a) — (b), (b) = (¢) u (¢) — (a).

(a) — (b). ITo ycrosuio,
f(z) = ch(z —z)", z€D.
n=0

Cymma g(2) crosiiiiero clipaBa CTENEHHOIO Psijia HellpepblBHA B TOUKe 2o, U ee
3HadeHue B 9Tofl ToUKe paBHO CBOOOAHOMY 'WIEHy ¢ 3Toro psija. Tak Kak BHe
2o Gy f(z) u g(z) couasaiot, To cymecrsyer lim, ., f(2) = co.

(b) — (¢). Dro xoporo usBecTHBI dakT: DYHKIHS, HMeIolast KOHeTHbIIT
1pejiesl B TOUKe 2y, OlPaHiueHa B HEKOTOPOIH OKPECTHOCTH 9TOf TOUKM.

(¢) = (a). o yeoBuIo, B HEKOTOPOi OKpecTHOCTH U TOUKH Z) BBITOJIHIETCS

COoOTHoOIllIeHne

If(2)| <M V:el.

[Iyers 7, : |z — 2| = p — OKPY’KHOCTD, IPHHAUIEKAIIA STOIl OKPECTHOCTIL.
Kax cremyer n3 nokaszarenncrBa teopembl Jlopana, kosdduimentsr ¢, pana

(10.4) mMoryT GbITH BBIYHCIIEHBI 110 DOPMYITaM
1 f(2)dz
= By o (Z _ 20)n+1'

N3 sTux dopmyst cramgapTHbIM 00pa30M BBIBOIUM OMEHKN

Cn

len| < Mp™".




image68.png
JLtst oTpUIaTeIbHBIX N TIpaBast 9acTh 9TON OIMEHKI CTPEMUTCS K HYJTIO TIPH p —
0. Taknm obpasom, B psijie (10.4) Bee KOaDOUIHEHTB ¢, ¢ OTPUIATETBLHBIME

HHJIEKCAMH PABHBI HYJIIO, T.e. zp — ycTpaHuMast ocobast Touka dyHKimn f(z).




image164.png
1. f(2) € AG) = f(2) € C(G).
2. Myers fi(2), fo(2) € A(G). Torma cymma, pasHOCTb ¥ IIPOU3BE/IEHUE
dbyukuuit fi(z) n fo(z) TakKe siBisIOTCH aHANTUTHYECKUME byHKIWsIME B G.

Oy KWt
_ h)
fa(2)

¢(2)
aHAJIUTHYHA Beogy, rae fo(z) # 0.
3. (Teopema 06 obpase obmactu) Ilycrs f(2) € A(G) u f(2) # const. Torna

muoxkecTBo D = f(G) Taxske siBIIsteTcss 06IACTBIO.




image30.png
[Tepexo/ M K celietoBamio mosejterns GyHKImn f(2) B OKPeCTHOCTH TOJTI0-
ca zg. CoryiacHo oIpejie/IeHHIo ToJToca, JTOpaHoBCKoe pasiozkenne (10.4) Bosie

TOYKHN Zp NMeeT BUJI

C_m Com+1 C_1
= e _ 10.5
f(2) T + = +o = +co+c(z—2)+---, (10.5)

e ¢, # 0. Huesio m HasbIBaeTCst HOPSAKOM I KPATHOCTBIO M0JTIOCA, 2.
Teopema 6.2. Vsosmposannas ocobast Touka zp dyukimun f(z) Torma u

TOJIBKO TOT/[a SIBJISIETCST TOJIIOCOM 9TOH byHKImH, Korjia f(2) — 0o mpu 2 — z.




image111.png
Hoxka3zarenbctBo. Heobxomumocts. [lycrs 2y — mosmioc nopsijika m dynk-
mn f(z), T.e. B okpectHOCTH D TOUKH Zz) crpaBeinBo paziozkenne (10.5).

Briocs u3 HpaBOﬁ qJacTUu MHOXKHUTEJIb 0 L

Tg)’" n 11oJiaragd

¢(Z) = Z Cnfm(z - ZO)nv

ToJrydaeM ¢()
==

Ilpu z — zy aucsurens 9Toit APoOOU MMeeT HEHYIIEBOIl MPeIes ¢y, TOrja KaKk

3HAMeHaTeb cTpeMuTest K Hysmo. [losromy f(z) — oo npn z — 2.




image121.png
Hocratounocrb. [lycrs ussectno, aro f(z) — oo npn z — z. Torma
B HeKoTOpoii oKpectHocTH U ToUKN 2o dyuKima f(z) Hurje He obparaercs
B HY/JIb I OlpejiesieHa aHamTuaeckas GyHkims g(z) = ﬁ, ecilt z # 29, 1
g(20) = 0. Ecim B Touke zp dyuKima g(z) umeer HyJIb MODsIKa M, TO ee
CTelleHHOe PA3JIoZKeHIe BO3JIe 3TOi TOYKHN BBINJISAT Kak
9(2) = d(2—20) "+ dmi1(2—20)" 4 - = (2= 20)™ (dn + dims1(2 — 20) + -+ ),
ve dp, # 0. O6osnadnM depes ¥(z) cyMMy CTENEHHOTO Dsijia

dm+dm+1(z_30)+"' :
Torna
9(2) = (2 = 2)"P(2), z€U, (10.6)

u dynknun g(z) u (z) He obparaioTes B HYJIb HI B Kakoil Touke z € U (TaK

KaK B IPOTHBHOM ciydae f(z) = 00). C.He,ILOBaTe.HbHO, byHKIs

gaBisiercs anajanTnydeckoii B U. B IIpeacTaB/IdoneM ee CTelleHHOM pejie

0(2) = ao + ar(z — 20) + as(z — 2)* +--- (10.7)




image123.png
K03 PUIUEHT ag He paBeH HyIIO, TaK Kak
ap = ¢(z) =
13 (10.6) u (10.7) BBIBOUM

1
) = Y

a

1
f(z)= m = (2 —20) "p(2) = (z— = )m (z — zg)m1 +

[Mosyuenmoe JopanoBckoe pasiozkerne hyHKiun f(z) B OKpeCTHOCTH TOUKH Zg
JIOKA3BIBACT, YTO Ta TOUKa — I0JIOC Topgajka m ais f(z).
TTomyTHO ¢ JIOKa3aTeILCTEOM TeopeMbl 6.2 MBI YCTaHOBHJIN CJIeLyIOIIee To-
Jle3Hoe yTBepZKIeHne.
Teopema 6.3. Touka 2y TorJia 1 TOJILKO TOTJIA SBISETCS MOTIOCOM MOPSIIKA
_ 1
m dynxunn f(z), Korja zo ecTb Hy/Ib Topsijika m jist GyHKipn g(z) = Ol

JI0OTIpeJIeIeHHOl cooTHOIIeHIeM ¢(zp) = 0.




image18.png
N3 teopem 6.1 u 6.2 cpasy ciejyer, 9TO B CYIIECTBEHHO 0COOON TOUKe 2z
dbynkups f(z) He MOXKeT HMeTh MPeJIeIbHOIO 3HAUeHNs, HIl KOHEYHOTO, HIl 6ec-
KOHEYHOro. JleicTBITEIIBHO, ec/in Obl CyIecTBOBaJ KOHEUHbII 1pejiest lim,_,., f(z),
TO 20 JIOJIZKHA Obliia Obl OBITH yCTPaHUMOIl 0co6oii Toukoil juist f(2) (Teopema
6.1); ecimn ke f(2) — 00 IpH 2 — 2q, TO 2 — HOJIOC 3T0ii DyHKIMK (Teope-
Ma 6.2). Criesyoast TeopeMa Jiaet 60Jiee TOUHOE MPeJICTaB/IeHIe O [TOBeJIeHIH

dbynkunn f(z) B OKPeCTHOCTH CYIIECTBEHHO 0CO00ii TOUKHI Zp.




image101.png
Ilepeiiem K uccsenoBanmo noejaenus Gynkmun f(z) B OKPeCTHOCTH CyTIe-
CTBEHHO 0cOGOil TOUKH 2. HallOMHIIM TepMIHOJIOTHIO, IPUHATYIO B pazjiese o
TeopeMe eanHcTBeHHOCTH. ToUKM, B KOTOpBIX aHaguTnieckad dynkmms f(z)
NpUHAMaeT 3ajlanHoe 3Hauenne A, HaspibaeM A-Toukamu sToil bynknmn. Ecau
B A-ToUKe 2 npousBomuble Gynkiun f(z) nopankos 1,2, ...,k —1 pasubl ny-

k .
o, Ho f*(z9) # 0, To TOBOPUM, 4TO HOPSIAOK (M KPATHOCTH) 9TOH TOUKH

paget k. IIpi A = 0 BmecTo 0-Touek roopum o Hyssix yHkumn f(z).




image23.png
3ameuanue 2. [IycTb n3Bectno, 4To H30/MpoBatas ocobas TouKa 2o (QyHK-
mun f(z) He siBnsiercst yerpannmoii. Torja, coracHo Teopeme 6.1, B 10001

OKPECTHOCTH 9T0ii TouKN f(2) He MOXkKeT ObITh OrpaHHYeHa.




image159.png
Teopema Coxonkoro—Kazoparu—Beiiepiurpacca. Ilycrs 2y — cyiie-
cTBeHHO ocobast Touka dyHkun f(z). Torua juist Jmo6oro ducia A, KOHEYHOTO
I 6eCKOHETHOTO, HAIIEeTCsT TOCIIeI0BATETBHOCTD TOUEK 2, TaKast, 9TO 2, — 2o
u f(z,) = A

Jlnst saamHOTO dNcsia A MOCTEI0BATELHOCTD 2, OIMHUCHIBAEMYO 3TOi (hop-
MYJIIPOBKOii, OyjleM Has3biBaTh A-10CTe10BaTebHOCTBI0 COXOMKOTO.

HokazarenbcTBo. B Ji060ii 0OKpecTHOCTH CyNMIECTBEHHO 0COOO0N TOYKH 2
dbynkups f(z) He MOXKeT ObITH OrpaHHYeHa (CM. 3aMedaHie 2 10CTe Teope-
Mol 6.1). TTosroMy Haifijiercst mocsieloBaTesIbHOCTh TOUeK z!, Takasd, 4To |z, —
2| < 2w |f(2,)] > n. D1y nocae0BATENLHOCTE M MOKHO NPHHSTE 38 00-
oc/1e710BaTesIbHOCTH COXOIKOTO.

CymectBoBante A-mocienoBarebroctin COXOIMKOTO J7Tst KOHETHOTO dncaa A
JTOKazKeM paccyzK/ieHneM oT mpoTusHoro. [IycTs Takoii mocseqoBaTebHOCTH He

cymecryetr. Torga naiijyres okpectHocts Us @ 0 < |z — 20| < § u nosozu-




image89.png
TeJIbHOe YUCJIO (v TaKue, 4TO

lf(z) Al >a  VzeUs. (10.8)
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TTomoxkimm

#(2) = e =4




image34.png
1. f(2) € AG) = f(2) € C(G).
2. Myers fi(2), fo(2) € A(G). Torma cymma, pasHOCTb ¥ IIPOU3BE/IEHUE
dbyuxuuit fi(z) n fo(z) TakKe siBisIOTCH aHANTUTHYECKUME byHKIWsME B G.

Oy KWt
_ h()
fa(2)

¢(2)
aHAJIUTHYHA Beogy, rae fo(z) # 0.
3. (Teopema 06 obpase obmactu) Ilycrs f(2) € A(G) u f(2) # const. Torna

muoxkecTBo D = f(G) Taxske siBIIsteTcss 06IACTBIO.




image147.png
Dyuknms ¢(z) onpesenena n Angercs anamutnaeckoil B Us. I3 cooTHomennst
[10.8) cremyer, uro
1
|6(2)] <=  VzeU.
a

TTo Teopeme 6.1, zy — ycrpannmast ocobast Touka it ¢(z). Tlosromy cyie-
CTByeT KOHewdHblil mpeger lim, .., ¢(z). Haiigem ero smatenue ¢y ¢ HOMOIILIO

OCO-110CJIe I0BATEJIbHOCTHI COXOL[KOI‘O Z:LI

co = lim =0.
EN eI

Nrak,

1
lim —— =0,

re-a

YTO BO3MOXKHO, JIHIIb ecyil f(2) — oo npn z — zp. Ho 310 o3Havaer, 410 2o
— nosmoc GyHKImu f(z), BOIPEKH YCJIOBHIO. DTO MPOTHBOPEUHe JOKa3bIBACT

cyniecTsoBaHmne A—HOCIIe,I[OBaTeIIbHOCTI/I COXOL[KOI‘O JJIgd KOHeYIHOT'O Jucjia A.




image115.png
Teopema Ilukapa (Gosabmas). IIycrb 2y — CyIecTBeHHO 0cobasi TOYKa
dbyukunn f(z). Torja st n06oro KoHedHoro dncyia A, 3a BO3SMOKHBIM HCKJTHO-

qJeHnnueM OJHOI'o 3HaYeHMsA A= 1407 CyHIecTByeT IocJjieIoBaTeJIbHOCTh A-Touex

Pynxmun f(z), cxopgmasics K 2.




image65.png
Cornamenne o KOHTypax. Bce KOHTYPBI, paccMaTpuBaeMble B JajlbHeiilleM, He IPOXOIST depe3 ocobble Toukn dyHkimn f(z).

B pemennn 3aa4u 3¢bhEKTUBHONO BHIMACJIEHNsS] KOHTYPHBIX HHTErPAJoB [VIABHYIO POJIb MrpaeT NOHsTHe Bblvera. IlycTb 2o
u3osHpoBaHHast ocobast Touka dynkuun f(z). B Hekoropoil mpokosoroii okpecrHocTi D sToit Touku f(z) mIpeicraBuMa psiioM
Jlopana

(11.1)

Boraerom f(z) orHOCHTENbHO TOUKH Zp (WM B TOUKe zg) HasbiBaeTcst Kosdduiument c_j sroro psiga. st sroro umcia Gysem
HCIIOJIb30BaTh CHMBOJI

res[f(2), zo]-

Ilycrb v : |z — 2| =p oKpyxKHOCTb, npoBesentast B D. Tora BbMET c_; MOXKeT OBITb 3allUCaH KaK HHTErpall:

reslf(2), z0] = i ﬁ F(2)dz. (11.2)




image129.png
Teopema o Bbraerax. I[lycrs konryp I’ npoxoaut B o6actu G 1 COEpKUT BHYTPU H30/1POBAHHBIE 0COObIE TOUKH 21, 22, . . - , Zn
Gyukuun f(z). Torma

n
F(z)dz =2mi ) res[f(2). zl. (11.3)
[
k=1
JHoxkazarenscrso. [Iposenem BuyTpu I' okpy2xHOCTH 71,72, . . ., Y, C HEHTPAMHI B TOUKAX 21, 29, . . ., 2, TakK, 9TOOBI KaykIas U3

HUX HAXOJWJIACH BO BHEIIHOCTH BCeX ocTasbHbIX. K (n + 1)-cBsi3HOil 06/1acTH, OPpaHIYeHHON cocTaBHBIM KOHTYpoM I'U~y U+ - - Uy,
u yHKuun f(z) IPUMEHIM TeOpeMy O COCTABHOM KOHTYDe:

}{“ Jepe= § st }[ F(2)dz.

RCa

Cornacto dopumyite (11.2), Kazkplii HHTErpajl B IPaBoif YacTH PaBeH COOTBETCTBYIOLIEMY BBIUETY, YMHOKEHHOMY Ha 27i. 3aMeHUB
HMHTerpaJibl BblUeTaMH, [OJIy9nM paBeHcTBo (11.3).




image149.png
BoiBeseM 51 hOpMyJIbl, Ha¥aB €O CJIydasi IPOCTBIX HOMOCOB (T.e. mo/ocoB nopsizka 1). Ilycrs 2y
P Jlopana, npescrasisiomuit f(z) B (IPOKOIOTOI) OKPECTHOCTH TOUKH 2, HMEET BUJ,

fz)=

L teotelz—z)+
2

C.
z—

OTKyJla

f(2)(z = 20) = co1 + co(z — 20) + a1z zo)2+---.

CyMMma psifja, CTOSIIIErO B IIPaBOH JacTH, NMeeT IIpejelbHOe 3HaUeHne C_| B TOUKe 2g. [losTomy

e = reslf(2), 20 = lim [£()(= = o))

Takoif mojoc dynxun f(z).

(11.4)




image120.png
JLJ1st IPOCTOTO TOJIIOCA Z) €CTh elile ojHa (HopMyJIa JUlst BbldncieHnst Bbraera. OHa npefnosaraet, 9To f(2) TeM Wil HHBIM CII0CO60M
IpeJCTaB/IeHa B OKPECTHOCTH TOUKH 2 OTHOIICHHEM aHATHTIYICCKIX (DyHKIIH

o)
¥(2)
TaKiX, 4ro @(zp) # 0, Torga Kak ¥(zp) = 0, Ho ¢/(z) # 0 (re. zp  mpocroii Hynb yHKIHH ¥(2) U, CIELOBATENBHO, IPOCTOH

notroc st f(z)).
Tloxcrasisist 1po6s (11.5) B dopmysty (11.4) 1 ucnonb3ys pasnoxkenne GyHKIHE 1)(z) [0 CTENEHSIM 2 — Zo, HOJLydaeM

f(2) (11.5)

. 6(2)(z — 20) é(20)
€1 = o7 T 2 .
=20 Y/ (20) (2 — 20) + 39" (20)(2 — 20)* + -+ ¥'(20)
I/IT&K, BTOpasd CI)OpMyJIa JJ1A BBIYHACJIEHUA BblUeTa OTHOCUTEJIbHO IIPOCTOrO MOJI0Ca Zp UMeeT BUJ
(20
res[(2), 2] = 22 (11.6)

¥(20)




image16.png
TlepeiizeM K ci1ydalo 10JI0CA Z) TPOH3BOJILHOIO OpsiziKa m. B okpecrHOCTH Takoro noimoca f(z) HMeeT JIOpAHOBCKOE Pas3JiozKeHne

BUZIA
Com Com41 €1
f(2) [FRE i e e "'+Z720+Co+01(2*20)+"',

Orcrona

1

f(2)(z —20)™ = cem + Ccompr(z — 20) + -+ o1z —20)™ 4+

JHuddepernnpyst sTo cooTHomenne m — 1 pas, mmeem
" S () = 20)™)

dom—1
Ilepexozs B 06enx yacTsx K HpeJelly IPH Z — zp, OKOHYATEIBHO HOJIy9aeM

c_y =res[f(2), z0] lim a2 [f(2)(z = )" .

(m —1)! 2=z dzm=1

(m—1Dle_y+m(m—1)---2c(z — 20) + -~ .

(11.7)




image29.png
Bcee paccy»KIeHns! IPeBIIYIIEro pasjesa MOTYATHBO HOAPA3yMEBAI, 9TO 2g  KOHEeYHas TOYKa IUIOCKOCTH. ByxeM Temepsb
paccMaTpuBaTh f(2) Ha PACHIMPEHHOI KOMILIEKCHOIl IIOCKOCTH I IPEIIOI0KIM, 9T f(2) fB/IseTcs aHAINTIYecKol dbyHKIueil B
obmacrn D : |z| > R. (Hanommum, 4to Besikast 06/1aCTh TAKOrO BHJA CIHTAETCS OKPECTHOCTBIO GECKOHEHHO yaleHHOM Toukm.) B
9TOM CJIydae 0O PACCMATPHBAIOT KAK H30IIPOBAHHYIO 0CO0yI0 TouKy dynKumn f(2).

B xombue D dyukuust f(z) npexcrapisiercs: psigom Jlopana:

f(z)= i 2" (11.8)

n=—00

Omnpegenenne. BordeToM f(z) 0THOCHTENBHO TOUKH 0O HA3BIBAETCSI B3SIThIIl €O 3HAKOM MHIHYC KO3(DMUIHEHT ¢_j STOrO psijia.
UuTerpasnbHoe IpeicTaBIeHNe STOTO BBIYETa TAKOBO:

res[f(z),00] = i% f(z)d=. (11.9)

3nech v  IPOM3BOJIbHAS OKPYKHOCTH BHJIA e p > R.




image9.png
Usmenenne HaltpaBJIeHusA O6XO,EL84 OKPY2?KHOCTH 7y 110 CpPaBHEHHIO CO CJIydaeM KOHEYHOI 0c000# TOUKH Z0 0ObSICHSIETCST Tpeﬁ()Ba.}meM
e}II/IHOO6]J83PI?IZ JIBHZKeHne Haﬁﬂ[o}lﬂTef[ﬂ 110 OKPY?KHOCTH B obonx cJydgadax JOJIZKHO IMTPOUCXOIUTH Tak, qTOOBI OKPeCTHOCTb ocoboit
TOYKH OCTaBaJlaChb CJieBa OT Hero.




image100.png
Teopema o mouHOit cymme BbrderoB. Ilycrs dyukuust f(z) nmeer 8 C JIMIIb KOHEUHOE YHCIO OCOOBIX TOYEK 21, 22, . . ., Zn.
TTomnoxum 2zp = co. Torma

D res|f(2), 2] = 0. (11.10)
k=0

JoxkazarenscrBo. [locrponm oKpyKHOCTB ¥ © || = p cTosib Gouboro paauyca p, 4T0Gbl BHY TPH Hee OKa3aJlinCh BCe KOHEUHbIe
ocobble TOUKH 21, 29, . . . , 2, GyHKIun f(z). Ilo Teopeme 0 BbIYeTaX, HMeET MECTO PABEHCTBO

b fi ()= = ;‘es[f (), ] (11.11)

(em. dopmyaty (11.3)). C apyroii CTOPOHBI, OKPYKHOCTD Y HAXOLUTCS B TOH OKPECTHOCTH GECKOHEHHO yzaJieHHOH Touki, rae f(z)

npezcrasisiercs: psizom Jlopana (11.8), a noromy Bepra dopmysa (11.9) mist Bbrdera res[f(z), 0o]. Ckuaapmas (11.9) n (11.11),
nosygaem (11.10).




image114.png
4. (Aramuriasocts cnoxHoi dyakiun) Iyers f(z) € A(G) u f(z) # const.
Eciu B obnactu D = f(G) onpenenena ananutideckas Gyukiums ¢ = g(w), To
dyukuus ¢ = g[f(z)] = H(z) siBasiercs: aHaITHYeCKON (QyHKIEH IepeMeH-

HOli z B obsactu G.




image10.png
Uurerpansl Buga f02 " R(cos ¢, sin ¢)d¢

Bnecs R panmonasbHast GYHKINS JBYX EPEMEHHBIX. B Kypcax HHTerpabHOrO HCIHCIICHNs! HHTErPAJIbl STOTO TUIIA ¢ IOMOIIBIO
Pa3HOTO POJa TPUTOHOMETPHIECKUX IIOCTAHOBOK CBOISITCSI K MHTErPajaM OT PAIlHOHAJBHBIX JPOOEi.

Mp! mocTynuM HHaue: 3aMeHofi MepeMEeHHOro z = €' mepeBesieM MCXOIHBIN MHTErpaj B KOHTYDHBIi HHTErpas Mo eIUHUTHOL
OKpy2KHOCTH. [1J1s1 IPOBEIEHNST STOH 3aMEeHbI HAM MOHAJ00STCST COOTHOIICHHST

1oy o 1 1
cos¢:§(e¢+e W):—(er;),

2
sing = l (z — 1) R dz = iedg,
2i z
nm 4
do =2,

1z
PeByJ'[I)T&TOM 3TOI 3aMeHBbI SABJISAETCS HMHTerpaJ

1% 1( 1) 1( 1) dz
- Riz(z+—-).=z2——)| —
@ Jjz=1 2 z) 2 z z

PS.I_U/IOH&H])H&?I ('byHKI.[I/I?I oT r[epeMeHHoﬁ Z, cTodlasl I0J 3HAKOM HHTerpaJia, uMeeT BO Bcell KOMIIJIEKCHOM IIJIOCKOCTH KOHEYHOe
YHUCJIO TOJIIOCOB. HOE)TOMy A1 BBIYUCJ/IEHUA 3TOrO MHTerpaJia MOXKHO HCIIOJIB30BaTh KaK TeopeMy O BblUeTaX, TakK U TeopeMy O
TIOJTHOM CyMMe BbIY€TOB.





image82.png
Teopema 7.1. Ilycts dyukmus f, pacnpocTpaHeHHas ¢ IeHCTBUTEIbHOI OCH B BEPXHIOIO HOJIYIUIOCKOCTD, YIOBJIETBOPSIET CJIe-
JLYIOIIUM YCJIOBUSIM:

1. f uMeer B 7, KOHETHOE THCJIO OCOOBIX TOUEK 21, 22, .. ., %, U HEIPEPHIBHA B TOYKAX JEHCTBUTEILHOIN OCIH;

2. ISt BCEX JJOCTATOYHO GOJIBIINX 7z, HAXOMISIIIIXCS B T4, BBIIOJIHSIETCS OLEHKA

() < M2 (11.15)

I21

Buech M(2)  HeorpuunaresnbHast (yHKIHs KOMIUIEKCHOIO IIEPEMEHHOIO 2, CTPEMSIIAsicst K HyJIO IIPH 2 — OO H OCTAIOMIEeMCsl B
3aMKHYTOH BepXHefi 10JyILIOCKOCTH.
)
Torxa nnrerpan [ = [° o f(x)dx cymectByer X015 Gbl B CMbIC/IE TVIABHOTO 3HAMEHHS 1

(v.p.) /00 f(z)de = QWines[f(z), 2k]. (11.16)
- k=1




image161.png
JHokazarenbcrBo. Boibepem HacToibko 6oibimoe R > 0, 91068

|z] < R, i=12... n

Cocraum koHTyp ['p u3 oTpeska [—R, R] neficTBUTeIbHOI OCH M OMyOKpyKHOCTH Vg : |2| = R, Im 2 > 0. IIpumensist k 3TOMy

KOHTYpy 11 (byHKIHE f TeopeMy O BbIUeTax, HMeeM
n
f(z)dz = 2mi Z res|f(2), zk].
Tr =1

VunreiBast yeTpoficTBO KOHTYDA, MOKeM IepeliicaTh 9T0 PABCHCTBO B BIe

R n

/ f(z)dz + / f(2)dz = 2mi Zres[f(z), 2k].
-R " k=1

BTO]JOG cJlaraeMoe JIeBOil 4acTH OIleHNBaeTcsl KaK

f(z)dz| < IIIE,J(LRIM(Z)~1rR:1r-maxM(z).

2€7R

R
VeioBue Teopemsl, Kacatomeecs: Gyukuun M(z), obecriednsaet, 4To

f(2)dz— 0 mpm R — oo.
R

(11.17)

TIpaBast yacrb coorsomennust (11.17) BoBce He 3aBucutr or R. ITostomy cymecrByer mpeges npu R — 00 I EPBOIO CJIAraeMoro

JIeBoii yacTu. DTOT npejesl 1 eCTb HHTerpaJi I (I/[]I]/I €ero rjiaBHoe 3H&‘[eHP[e).




image15.png
Jlemma Kopgana. IIycts Gyrknus f(z), HenpepblBHast B 3aMKHyTOl obiactu |z| > Ry, Im z > 0, crpemutest K Hy/to npu

Z — 0O U OCTAIOMIEMCsI B IO IIOCKOCTH 74 Torma st Becex a > 0 uHTerpas

J= /m e f(z)dz

crpemuTest K Hyo npn R — 0o. 3neck Y noiyokpyxHocts |z| = R, Im z > 0.

HoxkazarenbcrBo. [Tonoxnm
pp = max|f(z)].

ZE€VR

o yemoBumio, pip — 0 mpn R — oo.

(11.18)
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OrennM Besn4uHy uHTerpasia J:

1] < / 6|1 £(2)ldor < pm / 6| dor. (11.19)
R R
BsezeM Ha g napamerpusanuio z = R(cos¢ +ising), 0 < ¢ < w. Torma
do = Rdg,
iaz = —aRsin¢ +iaRcos ¢, || = eofising,

Tenepb nocieanit nurerpas B (11.19) sanumercs: Kak

urR / emafisind gy (11.20)
0




image83.png
Tpaduk noxsiHTerpanbHoil dyHKIun Ha orpeske [0, 7] CHMMETpPHYEH OTHOCHTEIBHO CPEAMHHOI IpsiMoil * = 7/2, mosTOMYy
nnrerpan (11.20) paBeH yIBOoeHHOMy HHTerpaly OT Toil ke dyHKuuH, B3siToMy 1o orpesky [0,7/2]. Ha sTom orpeske neiicryer
OLIeHKa

2
sing > —¢
™
H, CJIeJI0BATEIILHO,

2R
—aRsin < 7“7¢A

Wrax, amst unrerpada (11.20) crnpaBeinBa BepXHsis OLEHKA,

™ ) T2,
urR / emaRsinegy < oup R / e Hodg =
0 0

gﬂg (1 - e’“R) .

DTo BbIpaKeHNe ecTb B TO »Ke BpeMsl BepxHsisl omeHka st |J|. Ona cTpemurest K Hyso mpu R — 00, UTO [IOKa3bIBAeT JIeMMy
2Kopuana.
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Uuarerpansr Buga ffom e f(z)dx
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Teopema 7.2. Ilycrs dyHKIus f, pacnpocTpaseHHasi ¢ AefiCTBATEIBHO OCH B BEPXHIOK [OJIYIIIIOCKOCTb, YAOBJIETBOPSIET YCIOBHIO
1 Teopemsl 7.1 U cTpeMHTCs K HyJIIO IPH 2 — OO U OCTAIOMIEMCSI B 3aMKHYTOH BepxHeil mosymsockoctd. Torma mst Beex a > 0
o -
nnrerpan [ = [° o €T f(x)dx cymecTByeT xoTs1 Gbl B CMBICITE TVIABHOTO 3HAMCHHS 1

o n
(v.p.) / € f(z)dx = 2mi Z res [ f(2), 2] (11.21)
- k=1
JHokazarenncrBo. Boibepem ancio R > 0 u koutyp ['p Tak xe, xak B Teopeme 7.1. Torma, mo Teopeme BEIYETOB,

/R & f(z)dx + / € f(z)dz = 2mi Xn: res[e’ f(z), z].
- " k=1

R

Bropoe craraemoe seBoit qact crpemutest K Hysmo npu R — oo cormacto emme 2Kopaana. IIpasast qacts BoBce He 3aBucut ot R.
Tlosromy cymecTByer npezes mpu R — 00 I IIEPBOTO CJIaraeMoro JIeBoi JacTi. DTOT Hpeiel u ecTh nHTerpast I (Wi ero riaBHoe

3HAUEHNE).




image153.png
Jluist nesieit HacTosiIiero pasjena HaM npujercs Beectu B “CorviaiiieHne o KOHTYpax', 3aKJII0UEHHOe B HadaJle JaHHOI IVIaBbl, [Ba
JIOTIOJIHATEIBHBIX OIPaHIIEHNsL:

1. Ocobbie Toukn dyrkuun f(z) B obmactn G MOryT GbITH TOJIBKO HOMIOCAML.

2. Bee KOHTYpEI, paccMaTpuBaeMble B JaJIbHeHIIeM, He MPOXOIST He TOJIbKO 4epes3 MOJII0Chl, HO U Yepe3 Hy/m byHkmun f(z).




image58.png
Ouxcupyem korTyp I' C G. Tlomoxmm:

21,....2, momocsl dyskmun f(z) Bayrpn [
Qi,...,Q, WX KDATHOCTH;

GioovoGo mymn dynkmun f(z) BayTpu I
[B1,..., B, WX KPATHOCTH.

OmnpeneninM BeHIHNHbL
n P
NT)=> B P0) =3 am
k=1 m=1

U HA30BEM IX COOTBETCTBEHHO IIOJIHBIM YMCJIOM HyJIEi i IIOJIHBIM YMCJIOM IoJocoB dyHkuun f(z) BHyTpH KoHTYpa I
Teopema o norapudMuIecKOM BBIYETE.

Ny0) - Py = o f 10

el L (12.1)

Bameuanue. Jlorapudmuaeckum Boraerom dysknun f(z) OTHOCHTENBHO KOHTypa I’ HasblBaeTcst HHTerpasl B IpaBoil 4acTu
dopmyast (12.1). Orciona Ha3BaHIe TEOPEMBI.




image96.png
5. (AnanuTuyrocTs o6parHoit dynkuun) Iyers f(2) € A(G) u f'(20) 20 B
HEKOTOpO# Touke 2y € G. IonoxuM wy = f(z). Toraa HaityTest OKpecTHOCTD

K. Touku wo u GyHkuus z = ¢(w) Taxue, 4T0:




image86.png
HoxkazarenbcrBo. Onpeennm (yHKIHO

f'(z)

o(z) 7o) (12.2)

OcoGbie Toukn bynkiun ¢(z) 1o Hym u nosocsl Gyrkuun f(z). IlokaxkeM, 4To KazKiasi U3 5TUX TOYEK, HE3ABHCHMO OT ee
KPATHOCTH 110 OTHOIICHNIO K [, sIBIsteTcst 1151 ¢(2) MPOCTBIM MOJIIOCOM.
B okpecrHocTH TOUKH C; byHKIHIO f(2) MOXKHO NPEICTABHTH B BUIE

F(z) = (2= *g(2), (12.3)
rge g(z)  aHanmTHYecKast (YHKIWsI, y2Ke He ofpalaomasicst B Hyib B Touke (. 113 (12.3) BBIBOAMM
F'(2) = Br(z = 6 g(2) + (2 = )¢ (2) = Belz — ) 'h(2). (12.4)
Bnech |
h(z) = g(2) + [7(2 = G)g'(2),
3
OTKyJa

h(Gk) = 9(G) # 0
Henst ([12.4) na (12.3), nmeem

') _ B h(z)
o(2) = o) -G 96 (12.5)

Anamiaeckyo dyskumio h(z)/g(z) MOXKHO IpeCTaBUTB PSLIOM 1O CTENEHsIM 2 —
h(z)
9(2)

ag+ai(z —G) +ag(z — G2+,

TIe

()
ap = =1
’ 9(G)
Tlogcrasisist sToT crenentoi psix B (12.5), noiydaem
#(2) = —— + Br(ar +az(z — G) + ).

C




image24.png
910 JI0paHOBCKOe pasiokerne GyHKIuN ¢(z) Bosie Toukn (i OHO MOKasbIBaer, 4To (;  HPOCTOi mosmoc sroii dbynkum. IIpn
9TOM 4HCJIO [, ONpeJeIeHHOe [IePBOHAYAIBHO KaK KPaTHOCTD HyJist GyHKuun f(2), mMeer msi ¢(z) CMbICI BbIYETA OTHOCHTEILHO
C-

TIpoBezieM aHaJOrHYHbIE BBIKJIAIKH JJIsl HOJIOCA %, dyHkuun f(z). B okpecrocrn storo mosoca f(z) MOXKHO IPEACTABUTH B
B )

r(z
fz) = m’ (12.6)

rge r(z)  aHajuTHYecKast QYHKIS, He OOPAIIAIONIASCS B Hylb B TOUKE Zp,. I3 (12.6) BbIBomIM

m
(2 = 2 )om 1

r(z) + —) Gm (2). (12.7)

(2 = 2m)om (2 = 2m)om 1 o8

f'(2)




image52.png
Bnech L
5(x) =r(z) = (7 = 2)r'(2),
OTKyZa
$(zm) = 1(2m) # 0.
Henst (12.7) na (12.6), umeem
_SG) _ —om s(2)
Y= T = 12
Anamieckyo dyHKumo s(2)/r(2) MOXKHO IPECTABUTH PSLIOM II0 CTENEHSIM 2 — 2,
s(2)
r(2)

bo + bi(z — zm) + ba(z z,,.)2+--- R

TIe
5(2m)

o) =1

Tlogcrasisist sToT crenentoi psix B (12.8), noiydaem

o(2) =

Qm

Ziszam(b1+b2(z—zm)+---).
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910 JI0OpaHOBCKOE pasiokeHne GyHKIHH ¢(z) BO3Je TOUKH Z,. OHO MOKa3bIBAET, 9TO0 Z,  HPOCTOH noimoc 1ol dyukuun. IIpn
9TOM YHCIIO (,y,, OLPEJEJIHHOE epPBOHAYAIbHO KaK KPaTHOCTD Homoca GyHkiun f(z), uMeer (¢ TOYHOCTBIO 10 3HAKA) sl ¢(z)
CMBICJI BBIU€TA OTHOCUTENBHO Zp,.

TIpumeruM Terepb K HHTErpasty

1
5 .%r o(z)dz
(T.e. K JorapndMIIecKOMy BbIYETY) TeOpeMy O BblUeTax:
n » n P
% f ¢(z)dz = Z res[d(z), G) + Z res[(z), zm] = Z By — Z QO =
T Jr k=1 m=1 k=1 m=1
= Ny(I) = Py(I).

Teopema jokazana.




image128.png
O606menue dopmynbl Herorona—Jleiibauna Ha ciaydail MHOrosHa4HOI mepBooGpasHoit dyukuun. Oukcupyem
KaKyIo-1160 TOUKy 2o Ha KouType [ 1 Kakoe-mu6o snauenne Fi(zo) dbynkuun F(z) B 91oit Touke. CoBepliaeM 00X0J KOHTYDPa, Clest
38 HEIPePBIBHBIM H3MEHEeHIeM 1epBooGpasHoil npu stoM obxoze. Ilycrb Fo(zp)  3Hadenne F(z), ¢ KOTOPBIM Mbl BEPHEMCSI B TOUKY
zp 10 3aBeprueHun obxoxa. Torga

fi:gb(z)dz = F5(z0) — Fi(20).

B ciyuae sorapudmuyeckoro Bbruera
F(z) =Lnf(z) = In|f(2)| + iArgf(2),
nosromy uncia Fy(zg) u Fy(zp) MOryT pasimdyaTbcst TOIbKO 3HAYEHHSIMI, KOTOPbIE MBI IPHIHChIBaeM aprymenty f(z) B Hadale
obxoza u 110 ero okorndanun. O6o3HaunM 31U aprymerTsl yepe3 ®; u ®y, a passocrs P9 — @1 Ha30BeM MpUpaIEHUEM apryMeHTa
Gyukuun f(z) mupu obxoze Toukoit z KouTypa I u Gyaem oGo3HAYATH CHMBOJIOM

VarpArgf(z).

Bamensist uaTerpa B pasercrse (12.1) ero BbipazkerneM 1o o6o6mennoit dopmysie Holorona Jleiibunua, noiydaem HoByto Gpopmy
TeopeMbl 0 JIorapiudMIIecKoM BbIUeTe, Ha3bIBaeMyIO PUHIAIIOM apryMeHTa.
IIpuHUMn aprymeHTa.
1
Ny(T) — P4(I') = ﬁVa.rpArgf(z)A (12.9)




image91.png
Ectsb eme onna dbopMysinpoBka TeopeMbl 0 JiorapudMIUecKoM BbideTe, HanboJlee yIo0Hast J1Jisl HAINX JajbHeimux neseii. Ona
OCHOBaHA Ha TOIOJIONHYECKOM HOHATHH IMOPSIAKa (1l NHEKCa) TOYKHA OTHOCHTEJIbHO 3aMKHYTOI KpuBOii (cM. ciaiin "TTo-
PsiIoK TouKn oTHocuresibHo Kpusoi"). Korma rouka z ofxomur konryp I', coorsercrByiomiasi et Touka w = f(z) omucbiBaer
HEKOTOPYIO 3aMKHYTYI0 KpPHBYIO A Ha IUIOCKOCTH w. ByjieM HHTepIpeTnpoBaTh w Kak BEKTOP ¢ HaYaloM B Touke wy = 0, 1 mycTh
V €CTh KOJIMYECTBO IOJHBIX 000POTOB BOKPYT W), KOTOPblE STOT BEKTOp COBeplinT, noka z obxozur I'. Kaxasbiit obopor 3acuu-
ThiBaeM 3a +1 mid -1 B 3aBHCHMOCTH OT TOTO, COBEPIIACTCSI JII OH B MOJIOZKHTEILHOM HJIN OTPHIATEIBHOM HampaBieHHH. Torma
npupaiienne aprymenta ¢ynxiun f(z), nomydaemoe npu odxoze I', Bbipasures unciom 27v. K HoBoit dhopMy/npoBKe TeopeMbl 0
JiorapuMIYeCKOM BblUeTe IPHXOUM, MOACTABIIssI 9TO BbIpazkeHHe JUIsl IpHpallenns B paBeHcTBo (12.9):

Ny(T) = Py(T) = v. (12.10)

Canepncrsue. Ilycrs f(z) € A(G), n nycrs koutyp I' npunayiexxur obnactu G BMecte co cBoeit BHyTpenHocTbio. Torza mostoe
ancio Hyseit dyrkuun f(z) Bayrpu I' paBHO dmcity v IOJIHBIX 060POTOB, KOTOPBIE lejaeT BOKpYT Toukn wy = 0 BekTop w = f(2),
Korja To4ka z obxoaur I'.

D10 yTBepIKIEHHE eCTh HeMeUleHHoe caeicTBie dopmyist (12.10), nockosbKy f He nMeeT 0cobbix Touek BHyTpH L.




image166.png
Teopema Pymue. IIycrs f(2), ¢(z) € A(G), n mycrs korryp I' npunaiexur obnacru G BMecTe co cBoeil BHYTpeHHOCTbIO. Ecim
B TOYKAX TOr0 KOHTYDa BBIIOJIHSIETCS] HEPABEHCTBO
[£(2) > le(2)], (12.11)
To dyukuust F(z) = f(z) + ¢(z) umeer BayTpu [ crosbKo ke HyJleil, CKOJIbKO ux nMeeT dyHkmust f(z).
HokaszarenbcrBo. I3 nepasercrsa (12.11) BugHo, uro f(z) He obpamaercst B Hy/b Ha Kourype I, a motomy F'(z) Ha sTOM
KOHTYDe MOXKHO IPeJICTABUTh B BHJe

F(z) = f(2) [1 + fEZ;] (12.12)

o(2)
f(z)

Tonarast
9(z) =1+~




image12.png
BbIBOZUM 13 (12.12):

ArgF(z) = Argf(2) + Argg(=). (12.13)
CirefioBaTeNIbHO, IPUpAIleHHe apryMeHTa, [0JlydaeMoe 1ncioM F(z) npu obxome Toukoil 2 konTypa I, ckianpiBaercs us npupaiie-
HUif apryMeHTOB, mojydaeMbix unciaamu f(z) u g(z). Ognaxo

[6(2)]
lg(z) = 1| = |f( i
D10 03HAYAET, YTO KpPHBasi, OINChIBaeMasl TOUKOH w = ¢(z), He BBIXOAUT 3a HpeJesibl Kpyra pajuyca 1 ¢ LeHTpoM B Touke 1, a
MOTOMY PaJiyC-BeKTOP 9TOH TOUKNI He CMOKET CeJIaTh HI O[HOTO HOJIHOro 060poTa BOKpyT HyJisi. Taknm oGpasom, VarpArgg(z) = 0,
a moroMy VarpArgF(z) = VarpArgf(z). Tenepb u3 npunuumna aprymenta u ciegcrsust dopmyist (12.10) ciemyer yrBeprkiaenne
TeopeMbl Pyiie.

<1 st z € T




image25.png
Teopema 06 o6pase obsacru. [lycrs f(2) — dynkius, anaguTnieckas
B obactn G u f(z) # const. Torjga MuozkectBo D = f(G) TakxKe sBistercst
00J1aCTBIO.

HokazarennscTBo. HyKHo jlokasaTh jiBa yTBepzK/ieHns: 1) obble jBe Tou-
KI Wy, We € D MOYKHO COEJIMHUTD HENpPepbIBHOM KPHBOIi, Jiexkalreit B D; 2) Best-
Kast TouKa 3 D sgBJsteTca BHyTpenneil Toukoit sToro muozkectsa. [lepoe yTBep-
JKJIeHHe JIOKa3aTh COBCeM MpocTo. IIyeTh 21 U 2o — Kakne-1mbo mpoobpasbl To-
qeKk wy 1wy B G, T.e. wy = f(21),we = f(22). Hockonbky G — obmactb, TO TOU-
KI 21, 29 € G MOKHO COeJIHITD HENPEPBIBHOI KpHBoit z = ¢(t) (a <t < f3),
sexaeit B G. Ho rora kpuBast w = f[d(t)] (v <t < ) nenpepbiBHa, coe/ii-

HAeT TOYKHN Wy U w9 1 JIEZKUT B D.




image99.png
Ilycrb Teneph wy — npousBosibHast Touka n3 D. [Tokazkem, 910 OHA BXOJHUT
B D BMecTe ¢ HEKOTODOI cBoeil okpecTHOCTBIO [, : |w — wy| < p. OcHoBHAA
TPYJIHOCTB B TOM, YTOOBI HATH MOJXOJSIIMIT pajinyc j Takoil okpectHocTn. C
9TOil MEJIBIO TIPOBEJIEM CJIEJIYIONIee PACCY K IeHNe.

[Tycrb 2y — Kakoii-m6o mpoodpas Toukn wy B G, Te. wo = f(z). Haitgercs
saMkryTHI KpyT C, @ |2— 20| < p Takoit, uto O C G 1 2 — e/IMHCTBEHHAS Wo-
touka dynkmun f(z) B 9ToM Kpyre. leficTBuTebHO, ecii ObI TAKOTO Kpyra He
CYIIECTBOBAJIO, TO MOYKHO OBLIO ObI IOCTPOUTH MOCJIEIOBATETBHOCTD W)-TOUYEK
dbynxnun f(z), npunajiexkamux G, Kotopast cXomIach Obl K zg. [IpuHnMast
3Ty MOCJIEJI0BATEIBHOCTD 32 MOJIMHOKECTBO ' B TeopeMe eJIMHCTBEHHOCTH, Mbl
Mori 6l Torjia yTBepKIaTh, 4To f(2) Beoay B G JI0JIKHA COBIAJATD ¢ KOH-
CTAHTOIl Wy, YTO UCKIIOUEHO YCJIOBHEM TEODEMBI.

Urak, kpyr C, cymecTsyet. Ha ero rpaHutHoil OKpY#KHOCTH 7, : |2 — 20| = p
dbynxnus f(z) — wp we obpamaercst B Hy/1b. [looxKnm

wo=min|f(z) — wol|.

e




image90.png
a) dyukuyst ¢ obparHa K f, T.e.
flp(w)] =w Yw € K

b) ¢(w) € A(Ke);




image6.png
TTokazkem, 9T0 3TO YUCJIO [1 1 ABJISIETCS] HCKOMBIM PAJIyCOM OKPECTHOCTH TOUKN
wy, T.e. mobas Touka w’ € K, umeer mpoobpas 2’ B G. Mbl cmoxkeM Iaze
yKazaTb IPpoobpas, Haxosiuiicss BHyTpu Kpyra C .

na z € 7y, pasuocts f(z) — w' MOXKHO IPeICTABUTD B BHIe

f(z2) —w' = (f(2) — wp) — (w' —wy).

[Ipu 5TOM Ha OKPYZKHOCTH 7, BLIIOJIHAETCS HePaBeHCTBO | f(z) —wg| > u, Torma
Kak |w' — wp| < . Ilo Teopeme Pymre, dynkuun f(z) —wo u f(z) —w’ mmeior
OJHO U TO 2Ke HOJIHOe UUCI0 Hysell Buyrpu v,. Just dynknun f(z) — wy s1o
U0 HyJIell MOJIOZKUTENbHO, TaK KakK z) — pelieHne ypapaenust f(z) = wyo.

Bnadnrt, n ypasrente f(z) = w' uMeeT X0Ts ObI OIHO PEIIEHHe BHYTPH ).




image145.png
IIpuanun makcumyMa Mogydst. [lyers f(z) — ynkius, anaguTneckas
B obmactn G n f(z) # const. Hu B ooit Touke u3 G Moyt 910l QyHKIHT He
MOZKeT JIOCTUraTh MakcuMyMa. Eesin G — orpaHideHHast o0J1acTh 1 f coXxpaHsier
HEIPEPbIBHOCTD Ha ee TPaHUIle, TO MaKCHMYM MOJLYJIst JlocTiuraercst Ha OG.

HokazarennscrBo. Jormycrnm, 1ro MakcnMmyM Mojyitst Gynkmnun f(z) jo-
cruraeTcst B HeKoTopoil Touke 29 € G. Ilomoxnm wy = f(zp). Ilo Teopeme 06
obpase 00JIaCTH TOUKa Wy BXOJAT B MHOzKecTBO f(G) BMecTe ¢ HEKOTOPOIi cBoeii
okpecrrocTbio K @ |w — wo| < r. Ecsmn nposectn iya Argw = Argwy, To Bee
TOUYKH 3TOTO Jiyda, HaxoJdIinecst BHyTpr K Ha WHTepBasie MeXKJy Wy U BTO-
poii TOUKOii ero mepeceder st ¢ TpaHUIel Kpyra, IMET MOJLYJIb, OOJIBIII, 4emM
|wol. Tosyuentoe npoTuBopetne JIOKa3bIBaeT epBOe yTBEP/KJICHHE TEOPEMBI.
B ciyqae orpannuentoii obsactin G MaKcuMyM MO/IyJIsl HEIIPePhIBHON (hyHKIIIN
f(2) nomzxen, cormacho Teopeme BefiepinTpacca, JJOCTHIATHCS B 3aMKHYTO# 00-
mactin G. Tak Kak oH He MOZKeT ObITh JOCTUIHYT BHYTpH (Y, TO IOCTHTAETCS Ha

rpaHMIle 3Toil 061aCTH.




image142.png
IIpuanyn muanmyma Mogyss. [lyers f(z) — dbyukims, anaguTnieckas
B obsactt G n f(z) # const. [lyers, kpome Toro, f(z) # 0 Vz € G. Torya uu
B OJIHOM TouKe u3 G MOJLy/Ib 3Toil (DYHKIUE HE MOZKET JOCTUTATH MUHIMYMA.

okaszaresiberBo. B obmactn G KOppeKTHO olpejiefieHa U aHAJTHITHYIHA

byHKIs
() ==
TR

HpI/IHIH/IH MUHUMYMa MOJYJIA JIJIs1 f(Z) €CTb He YTO nHOoe, KaK HPUHINUIT MaKCH-

MyMa MOjLyJIst Jutst g(2).
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¢) pou3BOHYI0 ¢ (wy) MOYKHO BBIYMCIUTD [0 XOPOIIO U3BECTHOH HopMyIie

$l) = 7
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6. (Oproronasbrocts suunit ypoBust) Ilycre f(2) = u(z,y) + w(z,y) €
A(G) un f(z) # const. Yepes kaxkay1o TOUKy (Zo,Yo) obmactu G IPOXOAUT
POBHO OJ{Ha JIMHUS yPOBHSI KaXKI0ro u3 JAByX ceMeiicts u(z,y) = C nv(z,y) =
D. Tlox kakuM yryioM [MepeceKaroTCsl STU J[BE JINHUU!

BuecTo yrita Mex ]Iy KacaTeJbHBIME BEKTOPaMHU B ToUKe (Zo, Yo) HalleM pas-
HBIIl €My YroJl MeXJly HOpDMaJsiMU B TOH ke Touke. HampasieHusi Hopmadiei
YKa3bIBAIOT IpajiueHThl MyHKIui u(2,y) u v(x,y), BbIUUCIeHHbIE B (Zg,Yo)-

,ZLHS{ CKaJIAPHOI'O IIPpOMU3BEACHUA I'PaAUCHTOB UMEEM

/

Y ’ 1o P
(grad u, grad v) = upv, + v, = —uguy, + ugu, = 0.

z%y T
Takum 06pa30M, repecedenne IIpouCXoaUT oA IIPAMBIM YIVIOM, T.€. IMHUU Y POB-

HA PA3HBIX CEMENUCTB B KaxKJ0i TOYKe obnactu G OPTOIr'OHaJIbHBI.




image141.png
Pacemorpum caepytommii Bonpoc. Ilyers dbyukmusa w = f(z) umeer B Tou-

Ke zp HemyJseBylo npoussonmnyio f'(zg). Kakos reomerpudecknii cMpics dncna

arg f'(z0)?




image66.png
Bepremcst Teneps K 06Ieil MOCTAHOBKE 33Ja4M, T.€. CIy4alo (MYHKIUM W =
f(2). IIpoBesieM 4yepes TOUKY 2o IVIAIKYI0 KPUBYIO Y : 2 = A(t), o < t < f3, Taxk,
9To6bl 29 = A(tp) OblIa perysspHoil Toukoi 910l KpuBoi, T.e. X' (tg) # 0. Ilox
JeiicreueM dyskimn w = f(z) kpusast -y nepeizer B kpusyo I' : w = f[A(t)] =
u(t), a <t < B, Ha mwiockocTu nepeMenHoro w. Ilpu srom wy = f(z9) —

peryssipuasi Todka KpuBoit [' u

' (to) = f'(z0) X (to)-
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U3 npaBuna CIOXKEHWUs apryMEHTOB IIPM IIEPEMHOXKEHUH KOMILIEKCHBIX YMCEJI
! !
BBIBOJMM, 4YTO apryMeHnTsl wucesn X (to) u p/(tp) MOXKHO BBIGpATH Tak, YTOOLI
UX Pa3HOCTD Oblyia paBHa uncay arg f’(zp). YUUTbIBast HHTEPIPETAIUIO IEPBBIX
JIByX apIyMeHTOB KaK YIJIOB, 06pa3yeMbIX KaCATeIbHBIMEA K COOTBETCTBYIOIUM
KPUBBIM C BEIIICCTBEHHOM OChIO, IPMXOAUM K OTBETY Ha BOIPOC O FeOMeTpHde-
!

ckoM cMbicie uncia arg f(zp).

Yuco arg f'(29) ecTb yrosa moBopora BCAKO# Ii1afKoii KpUBoii, mpo-
BeIeHHOI Yepe3 TOYKY 2(, IPH IIepPexo/ie OT ILJIOCKOCTH Z K IIOCKOCTH

w. DTOT MOBOPOT MPOUCXOAUT oA AelictBueM byHKmu f.
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Coaitg "TeomeTprnaecKnii cMbICIT TPOU3BOHOMN " MILTIOCTPUPYET BazKHOE CJIe/I-

CTBIE W3 9TOTrO BBIBOJA. |Ipemonoknm, 9To yros MexK/Iy KPUBBIME 7y, U Y2 B
TOUKe zg paBeH . lIpm mepexosie K TwiockocTn w 00e KPUBBbIE TIOBEPHYTCS U
saiimyT mosozkente guanit [y u ['y Ha nmpaBom prcynke. Tak Kak moBepHYTC
oHI Ha OfUH U TOT ke yroa arg f'(zp), TO COXpaHAT MPEKHUI YOI ¢ MEZKILY

c0o0oii.
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JlokanbHasi KoHPOPMHOCTEL. OTOOpakeHue MOCPEACTBOM HEIPEPBIBHOMN

(byHKHI/H/I7 COXpaHAoIee yIyIbl ME2XK/1y KPUBbIMHU, IIPOXOAAIITMMHU 9€PE3 JaHHY IO
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TOYKY, HA3bIBAETCsSI KOH(POPMHBIM B 3TOii TOYKe.
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Teopema 2.5 ([locraTo4ynoe yciioBre JoKaIbHOM KoHbopMHEOCTH). OTOGpa-
JKeHue nocpezcrBoM GyHKuun f(z) KOHDOPMHO BO BeeX TOUKax 2o, e f(zo) #

0.




image119.png
I'nobansuast KordopMHOCTS. IlycTs Gynkuus f(z) oro6paxaer obnacrsb
G B D B3aumHO onHO3HA4HO. Eciu mpu sToM f KOH(OPMHA B KaXKI0# TOUKE

z € G, o roBopsT, uro f orobpaxkaer G B D koH(dOPMHO.




image26.png
IIpumep

[Mocrpouts JpobGHo-sHHelHOe MpeobpasoBatne w = L(z), npeobpasyioriee
Kpyr |z| < R B Kpyr |w| < R Tak, 9To0BI 33/laHHas TOUKa (v [IEePBOro Kpyra
neperia B eHTp w = 0 BTOPOro Kpyra.

PacemorpuM J1Ba BOSMOKHBIX CJIydast.

Cayuaii 1: o = 0. Touka oo = 0 — HeloJ[BUKHasI TOUKa UCKOMOI'O JPOGHO-
JmHeiiHoro mpeobpasoamns. [ocKoabKy OKpyKHOCTE 7 : |2] = R jomkna
nepeiiT B oKpy:KHOCTD I @ |w| = R, To, 10 CBOHCTBY COXpaHEeHNs CHMMETDHUH,
HeIOJIBIZKHOMN JIOJIZKHA OBITH I TOYKa 00, CHMMETPHYHAS ¢ HYJIeM OTHOCHTETHHO
obenx okpyzkHocTeii. OTciojia crejiyer, 9To pellieHieM sBJIsieTcsl [eJiast JInHei-
Hast QYHKIST BUia w = fz. AToOBI pajiiyc Kpyra He MeHsLICsl B pesysbrare
peoGpasoBaHsl, JIOJIZKHO BBINOIHATLC yeiaore |of = 1. Htak, orer sToro

cyuasi: w = €Yz, rjie ¥ — NPON3BOIBbHOE |NCI0 n3 nHTepBasa 0 < 1) < 27.




image109.png
Cayuaii 2: o # 0. C ToUKOit v cHMMETPHYHA OTHOCUTETBHO OKPYZKHOCTH 7
touka o = R?/ar. Tax Kax Touka a JloJKHa mepeiiTi B nentp w = 0 OKpy#K-
noctu I') To, 1O CBOIICTBY CcOXpaHeHHsl CHMMETPUH, TOUKa o JOJIZKHa Tepeii-
T B OECKOHEUHO YJIaJIeHHYIO0 TOUKY IJIOCKOCTH W. DTO OIpeJessieT NCKOMYIO
JIPOOHO-JINHEHY 0 DYHKITIIO ¢ TOTHOCTHIO JI0 CKAJISIPHOTO MHOZKUTEJIS:

z—a z—a z—a
w=\ =A s = [
z—af z—% R2—az’

e

= —A\a.




image59.png
TToka He GbLIO UCIOIB30BAHO YCJIOBHE O TOM, YTO PAJMyc Kpyra He JIOJIZKeH
U3MEHHTbCsI B pesy/ibrare MpeodpasoBatuisi. M3 9Toro yesioBust Mbl MOJIYdHM
nudopmamio o koapdummente ju. [lycts 2z = Re' — nponssonbhast Touka

oKkpyKHOCTH | 2| = R. st obpasa w 9TOi TOUKH nMeeM
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o] = [yl Re? — a || | Re — a
w| = —| = .
MR —aRe%| ™ R |R—ac?

_ el |R—ae™| |yl
R|R-ae?| R

[Tax Kak pesyJbTaT w J0JDKEH ObITh TOUKoil OKpysKHOCTH |w| = R, To morpe-

OyeM, ITOOBI

1
|7RI - R’
re. |u| = R% Urak, pemenusiMi 3a/atn SB/ISIOTC IPe0OPa3OBaHUs B/
o Z—Q
w= R2ew72 — .
R? — @z
OrmeruM, 1T0 GYHKIIN
Zz—«
Lo(z)=——
1—az

JJIA Pa3/INYHbIX YHCeJI v ¢ MO/1yJIEM, MEHbIITNM 1, Ha3bIBaIOTCA HpeO6pa,30BaHI/I—
AMUN Me61/1yca 1 OCYIIECTBIIAIOT KOH(bOpMHbIe OTO6pa}KeHI/I${ €JIMHNYHOTO KpyTa

Ha cebs.




image131.png
Tokasarensnas bynkuus (Mapkymesnd, rir. 111, pasjenst 11,12)

Ora GyHKIM y7Ke U3BeCTHA HaM KaK MepBblii HeTPUBHAJLHDIN PUMED aHa-
JINTUYECKOIl 1 J1azKe 1eJ1oil (T.e. aHAJIMTUIeCKOIl BO BCell KOMILJIEKCHOI ILJI0CKO-
CTI/I) dyuxu. g 2z = x + iy ee 3nadenne obo3HauaeTcs Kak € Win exp z i
3aj1aeTcs popMyIIoit

v4

e’ =e*(cosy + isiny). (4.9)

B o Bpemst kak dom e* = C, obs1acTh 3HaUEHNIT S9KCIOHEHTHI He COBIIaIa-
er co Beeil IUI0CKOCTBIO TlepeMentoro w. JefictButessho, us dopmyint (4.9)
oueBIiHO, uTo €* # 0 jyist Beex z € C. [Mokaxkem, uro Bee w # 0 npuHaje-
sKar obylacTi im e*. 3almcas w 1 HCKOMBII Tpoo0pas 2 B TPHIOHOMETPIUIecKoil

bopMe, 13 KOMILIEKCHOIO DAaBEHCTBa
|w|(cosargw + isinargw) = e*(cosy + isiny)
BLIBOJIUM J[Ba BEIECTBEHHBIX COOTHOILIECHs!
e’ = |wl, y € Argw.
[TepBoe 13 HUX OJ{HO3HAMHO OLIpEJeJisieT X

x=1In|w|.




image150.png
Taxum 06pa30M, BCsIKOE HEHYJIeBOE W MMeeT CUETHOE MHOXKECTBO Hpoo6pa30B,

orucbiBaeMoe hopmyiofi
z=1In|w|+iArgw.

Kazkioe u3 91ux wmces z HasblBaeTcs (HATYPATIBHBIM) JOTAPUGMOM UHCIa W.
Bee onn pacmosozkeHbl Ha OHOIT I TOil YKe BepTHKAJIBHOIT IpsIMOii ¢ abemmecoii
In|w|, 1 paccTosiHus M€Ky HUME CyTh TeJIble KpaTHbIe nc/ia 27.

U3 dopmyssr (4.9) BujHo, uto jobapienne ducia 27 K MHUMOII dacTn y
apryMenTa 2z He m3MenseT 3uatdennst e”. TeMm caMbiM KOMILIEKCHAST SKCIIOHEHTA

SBJISIETCsl TIepHoIntecKoil pyHKiueit mepnoja 27i.
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[Mockombky (%) = €* n e* uurje He obpaIaeTcss B HyJb, HOKa3aTeJ bHas
dyukius obagaerT CBORCTBOM JIOKAJIBLHONH KOHMOPMHOCTH B J11000 TOUKe 13
C (reopema 2.5). B 1o ke BpeMsl BCJIeJICTBIE [EPHOMTHOCTH ee JielicTBHe He
OyteT KoHOPMHBIM B TJI0DATBLHOM CMBICTIE, €CJIi € pacCcMaTpHBaeTcsl Ha Beeil

00J1aCTH CBOEro olpejiesieHnd. r[OKa)KeM7 9TO BCdKasl TOPU30OHTaJIbHas I10JI0Ca

g: do<y<ao

MUPUHBL h = ¢ — ¢y < 27 sIBAsIeTCsT 00J1ACTHIO OJHOTUCTHOCTH JIIST KOM-
IJTEKCHOIT 9KCIoHeHTRI. JleficTBUTEIbHO, B TaKoil 1M0JI0ce He MOI'YT OKa3aThCst
nBa JjorapudgMa, OIHOTO U TOI0 Ke YHCa w.

BbisiciuM, Bo 4To miepeiijier mosoca g moj Jeiicteiem €. Byjiem paceMaTpi-

BaThb ¢ KaK o0beJMHeHne ceMelicTBa TOPU30HTAIbLHBIX MPSIMbIX
lp: z=t+1ip, —o0<t<o0, ¢o<0o<oi.
[Tox meficTBIEM SKCIOHEHTHI IpsIMast [y IEPEXONNT B Ty

Ls: w=é'(cos¢ +ising),




image144.png
BBIXO/IATINIT U3 ToUKN w = 0 1 HAKJIOHEHHBIT K BeIeCTBEHHOIT OCH TIOJ] YTJIOM
¢. [loaromy 06pas3oM MOJIOCH g Ha MJIOCKOCTH w sBJisteTcs cekTop G pacTBopa
h ¢ Bepmunoit B Touke w = 0. ['pannumbie jydum 5TOro cexropa 3a/1aioTcst
YpaBHEHUSAMEI

Argw = ¢g + 2km n Argw = ¢1 + 2km.

Ha mnosoce g mokasarenbras QyHKINA JefcTBYeT B3aHMHO OJHO3HATHO U
koudopMHa B Kaxkjoii Touke z € g. Orciona cieyer ClpaBeyInBOCTD JlHa-

I'paMMbl

g exp z a.
KOH(MOPMHO

HOCMOTpI/IM Tenepb, KakK 9KCIIOHeHTa ,ﬂef/’lCTByeT Ha IpsMble, ITapaJijie/IbHble

mummvoii ocu. [lyern

le: z=c+it, —oo<t<oo,
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— Takas npsMag. Fe obpasom Oyer oKpyzKHOCTD
Ye: w=e(cost + isint).

IIpu sroMm, Korja ToUKa 2 OMUCBIBAET MPIMYIO l. OJIHOKPATHO TIPH t, MEHsIO-
IEeMcst 0T —0O JI0 00, TOUKA W OIMICHIBAET OKPYKHOCTD Y, HECKOHETHO MHOTO
pas B MOJOKNTeIbHOM Harpaiennn. KaK/1oMy oTpesKy JUIMHbL 27 Ha TPSIMOI

l. cooTBeTCTBYET OJINH 00X Y-




image110.png
Tpuronomerpudeckue u runepbosmdeckne yHKIAN

(Mapxymesnd, rr. 111, pasienst 13-15)

Mbr olrpe/ieJIuM BOCEMb TaKUX d)yHKILHﬁI CHHYCBI 1 KOCUHYCbI

17 fe—iz eir _p—iz

cosz = H—, sinz = “5—, (4.10)
__ €4e”F _ e€—e* :
chz = ~F—, shz = —~—
1 TaHTeHCHl 1 KOTAHT'eHCHI
sin 2z CoS z sh z chz
tgz = , ctgr = ——, thz = —, cthz=— (4.11)
CoS 2 sin z chz sh z

Oynkunn (4.10), Oyyan JHHEAHBIME KOMOHHAIUSIMI 9KCIIOHEHT, $IBJISTIOT-
sl TIEJIBIME 1 HACJIE/IYIOT OT HUX MepuojinIHocThb. [Ipn sToM runepbosntieckue
CHHYC W KOCHHYC HMEIOT TOT 2Ke repuoj, 27mi. Tpuronomerputeckue GyHKIIN
OIIPE/JIEJISIIOTCS epe3 HKCIOHEHTHI 0T apryMeHTa iz, MOITOMY CUHYC U KOCHHYC
UMEIOT TIePHOJL 27.

OueBnyiHO, ITO JIs BEIECTBEHHBIX 3HAYEHUIT apryMeHTa KOMILIEKCHDbIE I'H-
niepbosinteckne (yHKINH COBIAIAIOT ¢ OJHONMEHHBIME BEIeCTBeHHbIME (DYHK-
MUAMI. DTO JKe BEPHO JIJIsl KOMIUIEKCHBIX TPUTOHOMETPUIecKuX (byHKIHi, 1TO
MBI TipoBepuM st dyukimu cos z. [lyers 2 = z € R, Torga

eiz + efi::: 1

sz = ——— = §(c05x+isinx+cosx —isinz) = cosz.




image124.png
Boisiciim, kak BeyT cebsi TPUTOHOMETPUYECKHE CHHYC I KOCHHYC JIJIsT 3Ha-
YeHnil 2 = x + iy, JeKaliX BHe BellecTBeHHoil oci. MoKHO HoKa3aTh (CM.

Mapkymesnt, ri. 111, pasjen 13), arto

| cos 2| = y/ch?y — sin®z, |sin 2| = y/sh®y + sin®z,




image38.png
riae B 00601X cJIydasax 6epyTC${ HeoTpulaTe/ibHble 3Ha1eHNUd KBa/[paTHBIX KOD-

Heil. OTcroma BEIBOANM

chy > |cosz| > \/cth— 1 =shy],
chy = \/sh2y+1 > |sinz| > |shyl.




image106.png
OTH OIEHKH TOKa3bIBAIOT: 1) HUIJle BHE BeleCTBeHHOM ocH (DYHKIMH COS 2 U
sin z B HyJIb He 0OpAIAIOTCsT; 2) [0 Mepe yJaJeHHst OT BelecTBeHHONH 0CH Mo-
JtyJtn obenx pyHKINiT HeOTPAHIIEHHO PACTYT.

Takum obpasom, B OTyIntIME OT OJ[HOMMEHHBIX BEIECTBEHHBIX (DYHKIUIT, KOM-
IJIeKCHbIe (PYHKITUN COS Z U Sin 2 He OrpaHivdeHbl Ha, KOMILIEKCHON MJIOCKOCTH.
Tem HE MeHee 0CHOBHOE TPHTOHOMETPUUIECKOE TOXKIECTBO OCTAETCST CIIPaBe IJIN-
BBIM:

cos’z+sin?z=1Vz e C.

Coxpanstior cuiy u jpyrie GhakTbl BeleCTBEHHONH TPUTOHOMETPUI: TEOPEMbI
cytozkenst, (pOPMyJIbl IpUBeIeHNs, I T.71. KaxK/Iblil 13 HIX HECTI0ZKHO TPOBEPs-
eTes, UCXOJIsl 13 Olpe/ie/ieHns KOMILIeKCHbIX byukinit. O1HaKo TeopeMa ejini-
CTBEHHOCTH, KOTOPYIO MbI OOCYJUM MO3Ke, JlaeT OOIInii MeToJl JIJTsl TPOBEPKU
TOTO, UTO TPU PACIIPOCTPAHEHUN orpejeserns (yHKIUNA ¢ BEIeCTBEHHONH 0ch
Ha KOMIIJIEKCHYIO TJIOCKOCTH T€ COOTHOIEHNs, KOTOPBIM Y/I0BJIE€TBOPSIIa MCXO/T-
Hast QYHKINS, TTPOJIOJIZKAIOT BBIIOIHITHCS JJIsl €€ KOMILUIEKCHOTO 0000IIeHHsI.

s dopmyr (4.10) BLITEKAIOT COOTHONIEHIST

chz = cosiz, shz = —isiniz.




image139.png
Yro kacaercs dynxmuii (4.11), To OHH ABJISIIOTCST AHAJATHYECKIME BCIOJTY,
rJie onpejiesienbl. Tak, ctg 2 He olpejieieH TOJIBKO B TOYKaX 2 = k7, B KOTOPBIX
obpaliiaercst B HyJIb Sin z. DTH (HYHKIUH TakzKe MePUOJIMIHBI, TPUYeM IHIep-
GoJIITIecKie TaHTEHC U KOTAHIeHC UMEIOT MepHo/| T, a TPHIOHOMeTpHIecKie —
MepHoJL 7.

Octatorest B custe hopmydint JuddepeHupoBatust BeIecTBeHHbIX QyHKITHI.

Hampuwmep, mst cos 2z nmeem

i _iaN
6ZZ+6 1z

2 2

(cosz) =




image73.png
Bee dyukimn (4.10) 1 (4.11) MoryT ObITh HpeJICTABICHBI KOMITO3UIHSIMHI Pa-
Hee U3y9IeHHbIX QYHKIUI: JpobHo-nHeiinbx, dynknnn 2KyKoBCKOTro u 9KCIo-
ment. Tax, /i/1st cos z, BBOJIST MPOMEKYTOTHYIO TepeMeHHyio t = €' moJyTaeM

1

wW = CoSs 2z = t+
2 t

MCHOJ’II)Sy?{ 9TO O6CTO${T6J’II)CTBO7 MOZKHO HaXOJIUTb obJacTu O/IHOJIMCTHOCTH

JUTST KayKJI01i U3 9TUX QyHKITHIL.




image163.png
IIycts =z = f(w) — dynkums, anasmTuyeckas B obaactu G miockocru nepementoro w. Ecim f — muoronmmcraas

dysknus, To G MOXKHO MPEJCTABATH B BHJE
- (U Gk) U (U’n> ) (1)
k 1

3nech Gy — Hemepecekaromuecs: o6acTi ogHOaUCTHOCTH MYHKIMH f, a 4 — pasjessonye uX JINHAN.
Tonoxum

O = f(Gy), & = f(m)-

Torpa pas6buenuio (1) o6acTu onpeeseHIs! COOTBETCTBYET pa3bueHue 06JacTu 3HAYCHHIA

) .




image117.png
®@ynkuus w = F(z), obparHasi K MHOroucTHOM GyHKImN f, siBisiercss MHOrosHa4soii. OHaKo, eciiu paccMaTpu-
Basi 9Ty (pyHKIUIO B Toukax obiactu Py, Mbl GyeM npunuceiBarh F' B KadecTBe ee 3HaYeHHs B ToUKe 2 € O) exmn-
CTBeHHBbIi Tpoobpa3 3Toii TOYKM, NpuHaIexKamuii obaacru Gy, TO MOMYYNM OQHO3HAYHYI0 PyHKIUIO w = Fj(z),
AeiicrByromyio u3 ¢, B Gi. Ha sroii mape obnacreii ncxoguyio dyukuuo z = f(w) n dysknmo w = Fi(z) MoxHO
paccMaTpuBaTh Kak B3aMMHO obpaTHble OJHO3Ha4YHble (DYHKIWH.

Besikasi Takasi dyHknust F(z) Ha3bIBaeTCsl OJHO3HAYHON BeTBbIO MHOro3HavHOi dynkmun w = F(z).

Bameuanne 1. B ommaue ot obnacreit G, obaactu ¢ MOryT mepecekaTbCsl U JaXKe COBOAJIATh.

Bameuanue 2. Pasbuenne (1) obnacti G MoXXHO BbIGpaTh (6€CKOHEYHO) MHOIMMH CIIocoGamMu.




image28.png
IIpounsrocTpupyeM NPUHIWI BbIJEJIEHUs] OJHO3HAYHBIX BETBE MHOrO3HAYHON (byHKIMU NIPUMEPOM [IOKa3aTelb-
HOI1 u norapudmudeckoil GyHKIMIA.

IIycts 2z = f(w) = ¢, G = C. MblI 3HaeM, 4TO BCSIKasi FOPH30HTAJIbHAS [OJIOCA IIMPUHBI He Gojee 27 sIBJIsieTCSt
06J1aCThIO OJIHOJIMCTHOCTHU MOKa3aresbHOI (yHkmuu. I[lonoxum

Gy : 2km < Imw < 2(k 4 1), k=

Y : Imw = 27, 1=0,+£1,£2,....

Torpa ans Bcex k B kadectBe ) momydaem oaHy u Ty ke obaacts ¢, a umeHHo Bcro minockoctb C ¢ BbIpe30M Mo
HEOTPUILIATEJHLHON YacTU BELIeCTBEHHOI ocu. DTOT BbIPe3 siBisieTcs s Bcex | o6pa3oM mpsiMoii 7, T.e. JIMHUEI,
ofo3HavaeMoii Kak ¢ B pa3buenun (2).

®@uxcupyst k u paccmarpusas napy (Gi, @), MoxKeM cKa3aThb, 9TO Ha 3Toii mape obiacreii onpezeseHbI B3aUMHO
obpaTHble O/JHO3HaYHbIE (DYHKIMHN

w = Lngz = In|z| +i(arg z + 2k7).
B uacrHOCTH, 1M k& = () MOJIyYNM B KavecTBe OJHO3HAYHOIl BETBU INIaBHOE 3HadeHNe jorapudma

w=Lnpz=Inz=In|z| +iarg 2.




image33.png
Wrak, Bce ogHo3HauHBbIEe BeTBU JiorapudMmudeckoil hpyHKIUM OmpejesieHbl B OJHOU u Tou ke obisiactu ¢. Ipyr
oT Apyra Jio0ble /iBe BETBU OTJINYAIOTCS YUCTO MHUMBIMM KOHCTaHTaMH. By/ay4m oOGpaTHBIMU K aHAJUTHIECKON
dbysknun 2 = ¥, dysknun Lngz camu sBismorcs anasmrudeckumu B $. B smoGoit Touke z € ¢ mpomsBommas
dbysknuu Lngz moxer 6biTh HaiijieHa o npaswiy auddepeHnupoBanusi oGpaTHoil dyHKIMM:

1 1 1
Lngz) = ——=—=-.
(Lny2) ey ~ew




image39.png
Teopema 4.1. IIycrs L KycouHo-IIajiKas KpuBast 6e3 ocoObIX ToueK. Ecin
dynkuna w = f(z) = u(x,y) + tv(x, y) oupenenena u nenpepbBHa BAOIL L,

To f unrerpupyema mo L n

/Lf(z)dz = /Lu(m,y)dm —v(z,y)dy + i/Lv(m,y)dm +u(z,y)dy.  (4.3)




image107.png
OcHoBHag TeopeMa. [lycrs obsacrs D orpanudena kontypom C' a GyHK-

wim P(2,y) u Q(x,y) HenpepuIBHBI B 3aMKHyToil obsacti D u nmeior B D

HelIpepbIBHBIE YacTHBIE MPON3BO/HBIE g—g u ‘3—5. Torna cupasemBa dopmyna

I'puna

0 opP
Pdeery*//( @ )dx dy
c+ o Or Oy
[IPU yCJIOBUHU, YTO JIBOIHOf HHTErpaJs B IIpaBoii YacTu CyIecTBYeT X0Ts Obl Kak

HecOOCTBEeHHDII.




image125.png
Wurerpanbuas Teopema Komn. [Tycrs f(2) = u(z, y)+iv(z, y) € A(G).
Ecmn C' moboii kouTyp, npunajexkaiii odsactu G BMecTe co ¢Boeil BHYT-
PEHHOCTBIO, TO

fcf(z)dz =0. (4.8)

HokazarenbcrBo. Cornacno pasencrsy (4.3),

f f(z)dz = f udx — vdy + zf vdx + udy.
c fel fel

K oboum mnTerpaiaMm B npaBoii dacTu MOKHO HPUMEHHTL hopmysy ['pumna

(ocHoBHYI0 TeopeMy), cunTast obnacTbio D BHyTpennocTh Kontypa C:

fudm vdy = //( ol — ) dady,

c D

f vdz + udy = // (ul, — vy )dady.
c D

B cuny yemosuit Komn Pumana mofpiaTerpambibie BbIDayKeHIs JBOMHBIX

NHTerpajioB TOXKIACCTBEHHO paBHDLI HYJIIO. OTCIOZ[a, cje/iyeT paBeHCTBO HYJIIO

KOMIIJIEKCHOT'O MHTerpaJia B JIEBOIT 4acTh.




image7.png
Caencrsue. Ilycro G oanoceasnas obaacts n f(z) € A(G). Tornma pa-

Becrso (4.8) umeer mecro st sioboro kourypa C' C G.




image81.png
O6o61ennas Teopema Komn. [lyers G obsiacrnb, orpanndentas KoH-

typom C. Ecin bynxung f(z) € A(G) coxpansiet] HenpepbIBHOCTD Ha TpaHuIe

}{C F(2)dz = 0.

JloKa3aTebCTBO OCTAeTCs 1O CYIIECTBY TeM Ke, UTO U B HHTErpasbHOI

obstactu, TO

Teopeme. [Ipimenenne dhopmyster ['pria octaeTcss BO3SMOKHBIM, MOCKOJIBKY JTBOTi-
Hble MHTErPaJIbl 110 3aMKHYTOil obsacTii G CyIIECTBYIOT KakK HECOOCTBEHHBbIE

PUMaHOBbLI MHTErpaJibl.




image122.png
Jlpyroe HarpasJienne, B KOTOpoM MbI 0000mmuM Teopemy Korm, 910 pac-
[IpOCTpaHEeHNUe ee Ha HEKOTOPDIH KJIace HeoJHOCBS3HBIX obJacTteil. Beegem Bra-
qasie 1peJICTaBJIeHIe O COCTABHOM KOHTYpe.

CocTaBHBIM KOHTYPOM HasbiBaeTcst o0bepunenne C'= CoUC U---UC,
0ObIIHBIX (MPOCTBIX) KOHTYPOB TAKOE, UTO:

(a) kouryp Cp, HasbIBaeMbIii BHEIITHAM, COJICPZKUT BHYTPH cedsl BCe OCTalb-
uple (BHyTpenaue) koutypol C1, ..., Cy;

(b) kazapiit uz KonTypos Cf, . . ., Cy, JeKUT BO BHEIHOCTH JI0GOTO JIPYToro

BHYTpPEHHEro KOHTYpa.




image35.png
Teopema o coctaBHOM KoHType. llycrb G obsiacTb, orpanmudeHHast
cocrasupiM Kontypom C' = Co U Cy U ---U C,,. Ecin dyukima f(z) € A(G)

COXpaHgeT HeIPEepbIBHOCTL Ha I'paHUIle 06J'Ia,CTI/I7 TO

fm F(2)dz = fi; F(2)dz+ }if FE)dz 4t }i; F()dz=0.  (49)

Jloka3aTeJbCTBO TO Ke, YTo U Jijist 00001eHHoil TeopeMbl Kormi, Tak Kak

dopmysta ['prra octaetes cripaBeBoit n st 9TOTO THITA 0bJIacTeil.




image104.png
Bameuanme. Byecro pasencrsa (4.9) 9alle HCIOIB3YeTCs SKBHBAJCHTHAS

bopmMympoBKa
}{C; f(Z)dZ:j‘i‘+ f(Z)dZ+-<<+?‘€: f(2)dz. (4.10)




image85.png
[lyers f(z) € C(G). Qynxuusa $(z) € A(G) nasbiBaercs IepBoOGPA3HOM
dynkunn f(z) B sroit obnactu, ecm ®'(z) = f(z) ana seex z € G. CoBokyn-
HOCTBb BCeX MepBoo0pasnbiX GyHkmun f(z) B gamHofi obgacTn HasblBaeTcs ee

HeoIlpe/IeJIeHHBIM WHTErPaJioM B 9TOi 001acTi.




image102.png
ITycrn Teneps G obmacts na muockoctn C u f(z) € C(G). Yunroisas

CBA3DH Me)K;[y KOMIIJIEKCHBIM M BelleCTBeHHbLIMN I/IHTel"pa..TIa,MI/I7 Bpra.}Ka,eMyIO
dopmy.ioit
/}wMz:/uwme—m@w@+¢/vuwmm+m@w@, (6.3)
L L L
HpI/IXO;[I/IM K BbIBO;[y 06 SKBUBaJIEHTHOCTHN CHe;[yIOH_H/IX Tpex BbICKA3bLIBAHUIT:

e JTns Beaxoro kontypa L C G soinosneno t.a. C-cBoiictBo (C ot contour)

}i F(z)dz =0.

Fm:/ﬁmﬁ, (6.4)

e ToUKa zg € G purcupoBana, a z n3Mensiercst B G, He 3aBUCHT OT BBIOOpa

o Ilurerpasn

IIyTH, COEJAUHSIONIETO Zy M Zz, IPH YCJIOBHHU, YTO 3TOT IIyTh IpoJieraeT B

obnactu G.

e CymectByior nenpepbiio quddepennnpyenmbie B G (kak ob1acTu Ha m0c-
kocTH nepemennbix @ u y) dyukmmu Uz, y) n V(x, y) (norenuasns) takue,
4TO

dU = udx — vdy, dV = vdx + udy. (6.5)

Mozkmo, B 9acTHOCTH, BBIOPATH MTOTEHIUAJIBI, YIOBIETBOPSIOIINE YCITOBUSIM

Uz, y0) = V (20, %0) = 0. (6.6)




image165.png
Teopema o mepBoobpasHoii. [Iycrs f(z) € C(G), u nyers s f(z) ume-
er mecro C-cpoiicto B G (em. Bbiue nyukr 1 ciucka). [ociennee KoppekTio

onpesenser uarerpas (6.4) Kak hyHKIHMIO TOABKO OT BepxHero mpejesa z. To-

raa: (a) F(z) € A(G); (b) F'(z) = f(z) Vz € G.




image71.png
HoxkazareabcTBo. [lomoxknm ¢ = £+ in. st BerecTBeHHOI 1 MHIMOI da-
creit unrerpana F'(z) soibepem norenrumanst Uz, y) u V(z,y) ¢ yuerom yero-

Buit (6.6), T.e. Tak, uTo

[ we—vig =t [ ot udy = Vi)

Zo Zo




image151.png
s dbopmyn (6.5) BoiBoanm

Takum obpasom, dbynkunn U(x,y) u V(z,y) yrosrersopstior yciosuam Ko-
mu  Pumana. Kpowme roro, sru dynkunn verpepbisro guddepenippyembr. [To-
stomy F'(z) mMmeer mempepbiBiyio npoussoanylo B () deM JIoKa3aHo mepBoe

yTBepZKJIeHIe TeopeMbl. BeIUHCmM 9Ty MPON3BOIHYO:

Fl(2)=U.+iVl=u+iv=f(z) VzeG.




image72.png
O6o3nauenus: dom f — obmacts onpegenenust Gysknuu f; im f — obnacts
sHaueHnit sroit pynkuuy; f(E) — MHOXKECTBO 3HadYeHWH, IPUHUMAEMBIX f Ha

MHOXecTBe F.




image46.png
[yers f(2) € A(G), kouryp L C G, nojobiacts D C G orpatniena KOH-
typom L. Torma jyist Besikoii Toukn zg € D crpaBe/iiuBa dhopmysta

f(z)d= .

Flz0) = Qm L Z— 2 ©)

VesoBuMest, 9To eciii HalpaBenne 00Xo/a KOHTYpa He YKa3aHO sIBHO WH/IEK-
COM + WJIH -, TO 0OXOJ] BEJIETCS B MOJOKUTEILHOM HATPABJICHIUI.
Wurerpas B mpaBoit wactu 9T0il hopMysibl HasbiBaerTcss mHTErpaiom Ko-

mn. Popmyiia (C) BbIpazKaeT BazKHeiilliee CBONCTBO aHAJINTUIECKOi (yHKITIN:




image95.png
HoxkaszarenscrBo dopmynasl Komm. [Iposenem oxpyzkuocts v, @ |z —
20| = p max, arobbl ona sexkana BuyTpu L. Ilycrs E — obnactb, rpamnieii
KOTODOii siBJIsieTcst cocTaBHOM KOHTYD LU7y,. VI3 TeopeMbl 0 cocTaBHOM KOHTYDe

BBIBOINM

1 f(2)dz 1 f(2)dz

omi Jp 2 — 2z 2mi

. (6.8)
Yp zZ— 2y

YeTpeMiuM p K HyJTIO 1 3aMeTHM, 4To B ciTy (6.8) 3HaueHne HHTerpaja B IIpaBoii
YACTH He JIOJDKHO 3aBuceTh oT p. C JIPyroil CTOPOHBI, MBI TIOKAXKeM, UTO MpU
p — 0 970t mETErpas nMeet npejel f(z). Orcioga Oyjer cie/loBaTh, 9T0 062

unrerpaia B (6.8) pasubl f(z9), a 910 U ecTh dhopmysa Kor.




image27.png
OreHnM pasHOCTD

s f 2 st

HCIOJIb3Yd U3BECTHOE PaBEHCTBO

d
f z = 271,
Y zZ— 20

P

Heperncas ero B BUJe
dz

1 yMHOXKHB 00e dacti Ha f(20):

f(z0) = 3 f{,, fZ(Z_O)ZO .
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Nmeem

1 f(2)dz 1 f(2) = f(20)
2mi ﬁ; Z— 2 F(z0)| = 2mi f; z— 2z dz) <
217T max If(Ti : ic(lzo)lmmHa Vp = ! max (=) = f(ZO)IQWp = max | f(z)—f(20)]-
2€7, 0 T 267, P 2€7,

Oyukunst f(z), Oyiydn aHaInTHIecKoil B D, HelpepbIBHA B TOUKE Zp; CJIEJI0-
BaTeNbHO, MAKCUMyM B ITIPaBOil 9acTh cTpeMutcs K myso mpu p — 0. Dto

sokasbiBaer dopmyiy Korrr.




image14.png
Teopema 3 Ilycmo gynxyuu P(x,y, 21, ..., 2m) 4 Q(x,Y, 21, ..., Zm) Henpe-
pusto, na muoocecmee {(z,y) € L, ¢ <z <d; (i=1,2,...,m)} u umerom

HA HEM HENPEPLIBHBIE NPOU3EOTHVLE
P,fi(z,y, Zlyeeey Zm)s Q'Zi(x,y, 2y Zm), 1=1,2,0..,m.
Tozda KpusosuHelHIT uHMEZPAN
I(z1, .oy 2m) = /Lsz—l—Qdy

UMEEM. HENPEPHIEHBIE ULACTHBLE TPOUZBOOHDBIE MO NEPEMENHBLM 21, . . . s Zy 6 00-
aacmu ¢ < z < d; (i =1,2,...,m), Komopvie mozym Goimv GuLHUCAEHDL O

npasuay Jletibrnuya
I;i(zl, e Zm) = / P;i(x,y, 21,y 2m)dT + Q'Zi(x, Yy 215 ooy Zm)AY,
L

i=1,2,...,m.
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Mbr 6yﬂeM B JlaJibHeieM paccMaTpuBaThb KOMIIJIEKCHbIEe MHTer'paJibl BUla

F(z) = / 6z, Q)¢ (71)

MIPU CJIEJIYIONIIX [PEJITOJIOKEHHSIX:

1. L — xpuBast Ha IJIOCKOCTH TepeMeHHOro ( = & + i1, a 2z U3MeHsIeTcsl B
HeKoTOpoii obstacTit G Ha TJIOCKOCTH TIEPEMEHHOT0 2 = T + iy.

2. IIpu mobom dukcnposannoM snadenun ¢ € L dynknus ¢(z, ) — anaum-
Tutveckas B obsactu G.

3. Oyukiun ¢(z,¢) n ¢.(z, ) HePEPBIBHBI 10 COBOKYITHOCTH MEPEMEHHBIX 2

u (.




image152.png
Teopema 06 uHTerpasie ¢ napaMerpoM. IIycrb BbILOIHEHBL IPeJoI0-
skernst 1-3. Torma: 1) nnrerpan F(z) € A(G); 2) npomssoamyio F'(z) mozkHO

BbIYUCJIUTH 110 IIpaBUJIy I[eﬁ6HPIILaZ

Fi(z) = /L 8. (2, ). (72)




image127.png
Hokazarenncrso. [Ipecrasnm ¢(z, () u F'(z) B anreGpanteckoii dhopme:

(2, Q) =u(z,y,&.n) +iv(z,y,&,1),
F(z)=U(z,y) +iV(z,y) =
= /Lu(x, y,&,n)ds —v(x,y,§,n)dn +1i /L v(x,y, &, n)dE +ulz, y, & n)dn.

W3 npepmnonoxennii 1-3 coeyer, 1To QYHKINT % U ¥ HENPEPLIBHLI 0 COBO-
KYITHOCTH BCEX YeThbIpeX (BeIecTBeHHBIX) aplyMeHTOB I HMEIOT YacTHBIE MPOo-
U3BOJIHbIE [0 T U Y, TAKZKe HEIPEPLIBHbBIE [0 BCeM deThipeM aprymMenTtan. Orcio-
Jia BoiBojtM: byukiun U(z,y) u V(z,y) HenpepbBHbI I IMEIOT HelPePbIBHbIE
JaCTHDbIE TPOU3BOJIHbIe B 001acTu (G, KOTOPbIe MOTYT OBITh BLIMUCJICHDI 110 MTpa-

Buity Jleitbnura:
U;(IJJ) = /Lulzdg - ’l};d’l’], U;(I7 y) = /Lu;dg - ’U;d’l'],
Vi(z,y) = /Lv;d§ + ydn = /L—u;d£ + vydn = =U,(z,y),

Vite.o) = [ st iy = [ e = vlay = Ui,
L L
Takmnm o6pas3oM, HelpepbIBHBIE YacTHble ponsBojibie bynkuit U (z, y) u V(z, y)

yiosiseTBopsiioT B obstactu G yenosusam Komn—Pumana. Coracto teopeme 2.4,

s10 o3Havaet, uto F'(2) € A(G).




image42.png
Haiizem nipounssojayio F'(z):
Fl(z)=U.+iV] = /Lu;dé —vhdn+i /L 0ldE 4 uld.
B 10 ke Bpemst
¢L(2,¢) = u, + v,
OTKYJIa CJIeIyer, 1To
/Lqﬁ'z(z,()d( = /Lu'zdg —vldn+1i /L 0l d€ 4 ulydn.

910 JoKasbiBaeT Gopmyiy (7.2). e




image62.png
Teopema o GeckorneuHOI U@ PEPEHIINPYEMOCTH AHAIUTUIECCKON
dbyskmun. Ilyers f(z) € A(G). Torma B kakzgoil Touke z € G PyHKIUA
f(2) mmeer mpomsBojEble Beex TmopsiikoB. Ecsm kontyp L npunajgexunt G
BMECTe CO CBOEH BHYTPEHHOCTHIO U 2 — BHYTPEHHsISI TOUYKa 9TOr0 KOHTYpa, TO
nponssojnag f™(2) Moxer GBITH BhIUHCIeHA 110 hopMYIIe

1) = g § e (73

2mi Jp (€ — 2)™*!





image132.png
Ilycts E C dom f, u mycTs 29 € E ecTb npezenbHas Touka 11 F. OyHkuus
f(2) muddepenippyema B TouKe 2j, €CIIM CYLIECTBYET HPEJIE
lim f(z) — f(20)
220 zZ—2 ’
On HasbBaercs mpousBojHOR or f(z) B Touke 2y u obosmadaercst f'(zg) wmiu
d
& (z0)-
[onoxum z — zg = Az = dz (zuddepeHnyuar He3aBUCUMOTO IEPEMEHHOTO),
f(2) — f(z0) = Af(2) (upupamenue pyHKyH).
Teopema 2.3. Oynkuust f(z) Torga u Toabko Torga guddepeHnyupyema B

TOYKE Zp, KOIJa ee IPUPAIIEHNE B 9TON TOYKE MOXKHO IIPE/ICTABATH B BHJE
Af(z) =A-Az+e(z,Az) - Az, (2.1)

rne A — KoHcraHTa, a €(2g, Az) — 6eCKOHEYHO MaJiast IpA 2z — zg. Ecim Takoe

npejicTaBiieHne Bo3MoxKHO, To A = f/(zp).




image13.png
HokazarenbcTBo. B obsiacth G ToUKa 2 BXOJUT BMeCTe ¢ HEKOTOPOii cBoeii
OKPECTHOCTBIO, T.€. OTKPBITBIM KpyroM K, : [( —z| < p. Pagmyc p sToit okpect-
HOCTH MOYKHO BBIOpATh HACTOJILKO MAJIbIM, 4TOOBI ee IpaHiYHasi OKPYKHOCTh
v, TakzKe mpuHajiexKaa oosactn G. Takyio OKpyzKHOCTb MOKHO B3STb B Ka-
JecTBe KOHTYpa L, ynoMuHaeMoro B (hopMyJTHPOBKE TeOpEMbI.

BamumieM snadenne f(z) nunrerpanom Komm mo koutypy L:

1) = 5 f e (.9
L (C—2)
Wurerpas Kot yiioBieTBopsieT mpenoiozkeHnsM 1-3 mpe/ibiyero pasjera,
eCJI CIUTATh, UT0 ¢ MeHsiercst Bjoib L, a z — suyrpu L. Ilpumenss k (7.4)
TeopeMy o0 HHTerpajie ¢ MapaMeTpoM, MoJTydaeM
- L f J©
2mi Ji (¢ — 2)?

Tem caMpIM T0JIyUeHO HHTErpasibHOE HpeJICTaBlIeHie sl Tpon3BojHol f'(z2).

SIS (7.5)

Wnrerpasn tuna Ko, crosimuii B npasoit qactu dopmysst (7.5), cHoBa yji0-
BJIETBOPSIET MpeJIoJIoyKeHusiM 1-3 mpe/ipi/yinero pasjesa. [Ipumensis eme pas

TeopeMy 00 HHTerpaJie ¢ 1mapaMeTpoM, IIPpUXo/IuM K BbIBOJIy O CyHleCTBOBaHUN




image133.png
BTOpOIi NponsBojiHoit f”(2) n K paBeHCTBY

2 f©
omi J; (C—2)?

f'(z) = d. (7.6)




image94.png
TToBTOpSist TO ¥Ke paccyrK/ieHne IpUMeHNTeNbHO K (7.6), Haxo M

ua 3' f(C)
£ = 5z f e (77)

1 T.J1. DTO 1 NPUBOANT K hopmyJte (7.3), J0Ka3aTelbCTBO KOTOPOil MOZKHO ObIIO

OBl OopranmnsoBaTb 110 METOJly MHAYKITUN.




image93.png
Teopema o GeckoHeuHoii auddepeHINPYEMOCTH aHAJIUTHICCKOMR
dbynaknun. Ilyers f(z) € A(G). Torna B kaxjoii Touke z € G dyukis
f(2) nuMmeer npomsBojmble BeexX mopsiikoB. Ecin kontyp L npumayiexut G
BMecTe O CBOel BHYTPEHHOCTBIO I 2 — BHYTPEHHsIsl TOUKa 3TOr0 KOHTYPa, TO
npomssomiag £ (2) MoKeT GBITL BBIMHCTeHa o dhopMyTe

10 = g § L (73)

2w —2)




image2.png
Caepncrsue 1. 13 hopmyisl (7.3) odeBnjiao, 1To mpoussojHast f'(z), B cBoo
ouepejib, nMeeT B obsmacT G IPOM3BOJIHBIE BCEX TMOPAJKOB. DTO O3HAYACT, B
YaCTHOCTH, YTO MPOU3BO/IHAS AHAJMTUYIECKOll (pyHKIMM caMa SIBJIsIeTcCs

AHAJMTUYIECKON DYHKITHEH.
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e JLuist Besioro kontypa L C G seinoseno T.1. C-cBotictBo (C or contour)

fi f(z)dz = 0.




image8.png
Teopema o nepBoobpasHoit. [lycrs f(2) € C(G), u nycrs just f(z) unme-
er mecro C-cpoiicrso B G (M. Boime nynkr 1 cnneka). Hocieanee KoppekTHo

onpesensier unterpas (6.4) Kax pyHKIMIO TOTLKO OT BepxHero mpesesa z. To-

raa: (a) F(z) € A(G); (b) F'(z) = f(2) Vz € G.




image77.png
Caencrsue 2 (Teopema Mopepa). Ilyers f(2) € C(G) u f(z) obnajaer
C-cpoiictBoM B obmactu G. Torya, B feiicrBurensrocrn, f(z) € A(G).

JoKka3aTe/IbCTBO. YCJIOBUS STOH TEOPEMBl COBIIAJAIOT ¢ YCJIOBUAME TeO-
PeMBbI O 11€PBOOOPA3HOIl, COIVIACHO KOTOpPOil B G CyIIeCTBYeT aHaJIUTHYeCKas

dbynkums F(z) takasi, 9410
F'(2)=f(2) Vzed.

Corutacto caeficreiio 1, f(z) cama jiokHa ObITh aHATINTHYECKOIT DYHKIHEH B

G.




image44.png
Caencrsue 3 (teopema JImysuis ). Henast bynxuust f(2), orpannden-
Hast BO Beeil KOMILIEKCHOl IJIOCKOCTH, ecTh KOHCTAHTA.

JokazaTeabcTBo. [ycTh 2y — NPOU3BOIbHAsT TOUKA KOMIUIEKCHOI TLII0CKO-
CTH, YR — OKDYXKHOCTD pajuyca R ¢ mentpom zg. 3amumiem snadenne f(zp)

HNHTerpaJJioM Tulia Ko o sToit OKPYZKHOCTHU:

P = 5 f e (75)

TTockonbKy f(2) — nesast GbyHKIWsA, pajiyc R B 9ToM paBeHCTBe MOZKeT ObITh
B3AT KaK yrofuo 6osbimm. [lycts M — mostoxKnTenbHast KOHCTAHTA, OTPaHU-

“nBatolias 3nadenns f(z) Bo Beeil MWI0CKOCTI:
|f(2)| <M VzeC.

U3 pasencrsa (7.8) BBIBOJUM cJIeyiomyo oneHky st | f'(2o)|:

|C|f( )||2,ZLJH/IHa Yr < MR = %

7o)l < 5 < R =g

B mpenesie ipu R — 0o umeem
f'(z0) =0.

TToCKOJIBbKY 2 — HPOM3BOJIbHASE TOYUKA [JIOCKOCTH, TO dyHKIHs f(2) B IeiicTBi-

TeJbHOCTHU ABAAETCH KOHCTAHTOIA.




image79.png
CaencrBue 4 (ocHOBHasi TeopeMa ajaredpsr). Besikuii muorowien P(z)
HOJIOZKUTENLHOI cTerienn n umeeT B C XoTst Obl OJIUH KOPEHbD.
JokasareabcTBo. [Ipe/oynoxKum, Hapots, uto P(z) Hurje He obpariia-
erca B mynn. Torta dynxmus f(2) = 5Ly onpejieiena Bo Beeil KOMILIEKCHOT
: = P
IUIOCKOCTH 1 siBJiercsd 1esioil dyukieii. [Tockosbky P(z) — oo npn z — 00,
To f(2) — 0 npu z — oco. Orcroza caeyer, aro f(z) orpanndena Bo Beeii
IUIOCKOCTH 1, 110 Teopeme JlnyBmuis, f(z) = const. Ho 3o o3Hagaer, 4ro

P(z) = const. TosryuerHoe HpoTHBOpedNe JOKa3bIBAeT TEOPEMY.




image17.png
Teopema 2.4 (ycnosust Komm—Pumana). Oyukuus f(z) = u(z, y)+iv(z,y),
onpejenenHas B obyactu G, TOra 1 TOJBKO TOra AuddepeHnupyemMa B TOUKe
20 = To + 1Yo ITOM Obmacty, Korna Gyskimy u(z,y) 1 v(z,y) guddepeHnupy-
eMbl B TOUKe (T, Yo) ¥ UX YaCTHbIE IIPOM3BOJIHBIE B 9TON TOUKE Y/IOBJIETBOPSIOT
COOTHONICHHUSM

ul, = v, Uy, = —j,. (CR)




image3.png
Teopema 5.1. ITycrs wienst psija Y oo | 4, (2) HeupepbiBHbL B o0acru G, a
caM DslJi CXOJIUTCsT paBHOMepHO B 9Toit obstacti K dynknnn f(2). Torma:

1) f(z) raxke nempepbisa B G|

2) ecn L — mpom3BoiibHasi KycodHO-TIVIa/IKasi KpuBasl, Jexamasg B G, To
unTerpas o f(z) no L MOKHO BBIMHCIHTD ITyTeM MOWIEHHOTO HHTErPUPOBAHH ST

HCXOJIHOT'O pdjia, T.e.

/Lf(z)dz: nio;/Lun(z)dz




image137.png
Hawm nonao6urest B jajibHeiiiieM HOHsITIe HOPMAJIbHOM CXOAUMOCTH (yHK-
LHOHAJIBHPrO Psijia, 0600IaIoNIee IO THE paBHOMEPHOI cxogumocTi. [oBopst,
qTO PSS Y ey Up(2) cXopuTest HopMasbHO B obmactn G (k dyHknmn f(2)),

€CJIH 9TOT PsIJl CXOUTCst paBHOMepHO (K f(2)) Ha KazkjoMm Komnakre K C G.




image43.png
IlepBas teopema Beiiepiurpacca. Ilycts psg > oo w,(2), rie u,(z) €
A(G), n = 1,2,..., cxomures HopMmasbio B obactn G K dynknnn f(z)).
Torna:

e Cymma pana f(z) € A(G).

o Pan Yo7, u,(2) Moxno nowrento auddepennuposars moGoe 1uco pas,

T.€.
fee]
fP(z) = Zuﬁlk)(z) VEeN, z€G. (8.1)
n=1
e Bee pajipt (8.1) cxojsrest Hopmasbao B obactn G.
Tperbe yrBepz/ieHle TeopeMbl He I0Ha[00UTCsI HaM B JajibHeiiteM. TTosro-

MYy JOKazKeM TOJIbKO IepBble JIBa YTBEPzK/IeHNA.




image54.png
Jloka3aTeabCTBO MEPBOTO YTBEPXK/IeHUs TeopeMbl. [[okazkem, 4To cyMm-
Ma psijia f(2) aHaJINTHYHA B HEKOTOPOIT OKPECTHOCTH KazKJIoi ToukH zp € G.

Orciofia Gyjier cjie1oBaTh ee aHAJTUTHIHOCTD BO Beeil obsractu G.




image45.png
DuKcupyeM IIPOM3BOJILIYI0 TOUKY 2o € G. Ilyers K — 3aMKHYTDIE Kpyr ¢
IEHTPOM B TOUKe Z), NpuHajtexkanmii G BMecte co cpoeil rpanuneii. (O Towm,
HoueMy TaKoil Kpyr CyLIeCTBYeT, FOBOPUIIOCH B JIOKa3aTe/bCTBe TeopeMbl 0 bec-
koneunoit muddepenrupyemoctu anauruueckoii byukiun.) [o yenosuto, psi
3% un(2) exomirest pasromepno B kpyre K. ITo Teopeme 5.1, ero cymma f(z)
HenpepbisHa B K .

Tycth [ — MPONSBOIBHBI KOHTYD, JesKalimii BHYTpH K (T.e. He 3a/eBaio-
it rpaHnaHoil okpyzkHOCcTH ). [To Toll K€ Teopeme 5.1, BOSMOKHO MOUIEHHOE

HHTErPUPOBAHIIE
ff(z )dz = qun(z)dz
n=1"L

B OJITHOCBA3HOI O6J'IaCTI/I BHyTpeHHOCTI/I Kpyra K) KOHTYPpHbIE NHTerpaJibl 0T

AHATHTHIeCKUX (DYHKIMH Uy, (2) PaBHBI HYJIIO; CJIeJI0OBATEIIBHO,

ﬁ F(2)d= =

Urax, nenpepbigias B kpyre K dyukius f(2) obiajgaer BHYTPH 3TOT0 Kpy-

ra C-cpoiicrom. [To Teopeme Mopepa, f(2) B eficTBHTENILHOCTH aHAIHTHIHA

BuyTpn K, 9TO JI0Ka3bIBaeT IepBoe yTBepzKieHne TeopeMbl Beiieprirpacca.




image116.png
Jloka3aTebCTBO BTOPOrO yTBep2KeHusi TeopeMbl. Dukcupyem mpo-
U3BOJIBLIYIO TOUKY 29 € G. IlyeTn 7y, — OKPYKHOCTD € IEHTPOM B TOUKE 2, IIPH-
najytexkaiias G. Ha 910fi 0KpyzKHOCTH, KaK Ha KOMIAKTe, Pl y ooy Uy, (2) exo-
jurest K f(z) paBHoMepHO. PaBHOMepHast CXOIMOCTD COXPAHUTCS, €N KazK-
Iblii "ileH pajla yMHOXKUTH Ha dyHkiuio, orpanndeniyio na 7,. ®uxeupyem
npomsBosibioe k € N u B KatecTBe Takoil orpanniennoii pyHKIMNA BO3bMEM

1
(z — z)F+1

I/ITaK7 nMeeT MeCcTo paBeHCTBO

(= _f(ZZO 8] Z 1c K"Z [EEE (8.2)





image19.png
1 psijl B 1IPaBOil YacTH CXOJUTCS PABHOMEPHO Ha 7,. MHTerpupys paseHcTBo

!
(8.2) mousIeHHO BJIOJIL 7Y, 1 YMHOYKas 0O€ HacTH Ha YHC/Io %, TOJTy TaeM

k! f(2) K Un(2)
2mi J, (2= zo)’“rldz Z o ?ﬁp (z— Zo)kﬂdZ’

n=1





image162.png
Te. -
B () = Zug“)(zo).
n=1

BBH,ﬂy IIPOU3BOJBLHOCTU TOYUKU 2o € G, 9TO pPaBeHCTBO JIOKa3blBaeT BTOpPOe

yTBepKieHne TeopeMbl Beiteprtpacca.




image20.png
Bropas teopema Beitepmrpacca. [lycts Gyukinn u,(z), n=1,2,...,
— amasurndeckue B obsact G, orpaHmdennoii Konrypom I' (mpocTbiM mim
coctaghbiM). Ecmu 31u GyHKINN COXPaHSIOT HENPEPHIBHOCTL Ha TPAHUTHOM

o0
kontype I' u pag > u,(z) cxomures paBHOMepHO Ha I', To OH cxommTcs

paBHOMEpHO U B 3aMKHYTOI obsactt G = GUT.




image74.png
Hoxkazarenbcrio. Psn Y oo u,(2) yoBnersopsier kputeprio Korm pas-
HOMepHOit cxopnmocti Ha I, T.e. st Besikoro € > 0 maifijiercs nomep N = N ()
TaKoil, 4To

lun1(2) 4 +ungp(2)] <o (%)
Juist Beex n > N, Beex p > 0 u cpasy st Beex z € L.

IIpu dukcupoBaHHbIX 1 U P, YIAOBJIETBOPSIONNX YKA3AHHBIM YCJIOBUSM, T10-




image160.png
Hoxka3zarennsctBo. HeobxonumocTts. Ilo Teopeme 2.3 npuparienue GyHk-

muu f(z) B TOUKE 2y MOXKHO IIPEJICTABUTH B BHJIE

Af(z) = f'(20) - Az +e(20, A2) - Az.




image136.png
JIOZKHM

Pnp(2) = tns1 (2) + o+ Uniy(2).
Byjtyun cymmoii Korewroro wmcia dynkmmii ug(z) € A(G) N C(G), bynkmus
Onp(2) cama sBisieTcs anajuTudeckolt B G U HelPepbIBHOI B 3aMKHYTOH 06-

sacrn G. Tlo npuHIpny MakcuMyMa MojLy/Ist n3 HepasenctBa (¥) ciejyet, 1ro

et (2) - ()] <€

juist seex n > N, eex p > 0 1 seex z € G. Tem caMbiM Jyist pajia Y oo U (2)

BbITosiHeH Kputepuii Kol paBHOMEpHOil CXOMOCTH B 3aMKHYTOil obacTu

G, ITO JI0Ka3bIBaeT TeopeMy.




image138.png
IIpuanun makcumyMa Mogydst. [lyers f(z) — ynkius, anaguTneckas
B obactn G n f(z) # const. Hu B oioit Touke u3 G Moyt 910l yHKIHT He
MOZKeT JIOCTUraTh MakcuMyMa. Eesin G — orpaHideHHast 001acTh 1 f coXpaHsier

HEIPEPbIBHOCTH Ha ee I'paHulle, TO MaKCUMyM MOJYJ/Id JIOCTUTAETCsA Ha JG.




image32.png
Haub6osiee Bazknbim Cpe/iln KOHKPEeTHbIX KJIaCCOB (byHKHI/IOHaJIbeIX PAJIOB £IB-

JIsleTcsd KJlaCcC CTelleHHbIX PAJIOB

D enlz = 20)". (8.3)




image97.png
[Tosozkum
1

R _ =
liInn~>oo \ﬂ/ Icnl

Teopema 5.2 (teopema Kormn—Aamapa). Ecim R = 0, To paj (8.3) cxo-

(CH)

IIITCSL JINIb B TOUKe 2. Eean R > 0 (Bosmozken ciydait R = 00), o pag (8.3)

exXomuTes abCOTIOTHO IpH |z — 2| < R u pacxogutes npu |z — 2| > R.
Yneso R HasblBaeTcs paJlycoM CXOIMMOCTH, a Kpyr Kp @ |z— 2| < R

— KpyroM cxoauMocTu psza (8.3). Popmysta ams «uciaa R HasbiBaercs ¢op-

myutoii Komm—A mamapa.




image108.png
Bynem B nasnbreiinem paccMaTpuBaTh TOJBKO CTEEHHDbIE DsJIbl, JJisT KOTO-
peix R > 0. Crenennoii ps/i, y/I0BJIETBOPSIONIUIT STOMY YCJIOBUIO, OMPEIEJISeT

B cBoeM Kpyre cxojumoctn Kp dynknmo f(z) — cBoio cymmy

f(z) = Z en(z = 20)". (8.4)




image41.png
Jlemma. Ps (8.3) exoaurest B Kpyre Kp HOpMAJIBHO.
Joxka3zarenabcTBo. [lycrs K — mpon3BosibHBIN KOMITAKT, TTPHHA/ITEZKATIITIT

Kpg. Tlokaxkem, aro Haiijiercs 3aMKHYTBI Kpyr K. Takoii, 1To
K c K, C Kp.

D10 oueBmHO, ecin R = oco. [lyers R — xoneunoe uanciio. Henepecekaiorecst
3aMKHyThle MHOKecTBa K 1 YR @ |2 — 20| = R HAXOATCS HA MOJOKUTETHHOM

paccTosdAHnn 4 Apyr oT Apyra. TOI‘,Ha B KadecTBe MCKOMOT'O KpyTa KT MOZKHO

B34TH KPYT pajuyca r = R — 0.




image60.png
ITo Teopeme Kormu—Atamapa, psiji (8.3) cxoaures abcoslioTHO BO BHY TpeHHedt

TOUKe 2 + 1 Kpyra Kpg, T.e. CXOIUTCSI HEOTPUIIATETHHDII PSIJ,

o0
Z [en|r™.
n=0

DTOT psIJi MOXKET CIIYKHTH MazkopanToil Befiepritpacca juist paja (8.3), pac-
cMmaTpuBaemoro B kpyre K, u, tem 6oisiee, na xommaxkre K. Vrtak, na Beskom

TaKOM KOMIIaKTe D] (83) CXOUTCA paBHOMEPHO, YTO JIOKa3bIBaeT JIEMMY.




image22.png
JlokasaHHast JieMMa [103BOJIsIeT HaM IIPHMEHHTH K paBeHcTBY (8.4) mepByio

TeopeMy BeﬁepLHTpacca. B pesysbTaTe I1oJlydaeM TaKue CJIeJICTBUA:

e CyMma f(z) pana (8.3) anasmTana B ero Kpyre cxoaumoctn Kp.

e Papercrso (8.4) MoKHO mowieHHO JuddepeHmpoBaTh J0boe 9Hc/Io pas,

4TO JlaeT

fB(2) = i cann—1)...(n—k+1)(z—z)" " (8.5)
n=k




image154.png
3ameuanme o eaMHCTBEHHOCTH. Ko3DDUIMEHTEI CXOMSIIErocst CTeleH-
HOTO Psijla OJJHO3HATHO ONpeJIeJISIIOTCsT ero cyMMoit f(2).

elicTBUTENILHO, TToJaras 2z = 2y B (8.4) u (8.5), nojydaem
y

(k)
co = f(=0), cic:%, k=1,2,.... (8.6)

Crernennoii psijt, KoahdUIHEHT KOTOPOro BbpazkatoTcest dopmymamiu (8.6)
JUIsl HeKOTOPOii ananTndeckoil dyukiun f(z), naspiaercst psgom Teitnopa

91Ol QyHKITUN.




image143.png
Teopema Teiinopa. [lycts f(2) € A(G) u 2y € G — ToUKa, HAXONAMIAICT
Ha paccrosguun r ot rpanuipl I obmactn G. Torga B kpyre K, @ |z — 2| < r
dbynxnus f(z) Moxer ObITh MpejiCTaBIeHa PSAJIOM 110 CTENEHsIM 2 — 2, IPHIeM

9TO IIpej/icTaB/ieHre eJIJMHCTBEeHHO.




